Supersymmetry and the Spectral Action : on a geometrical interpretation of the MSSM by Broek, T.C.H. van den
PDF hosted at the Radboud Repository of the Radboud University
Nijmegen
 
 
 
 
The following full text is a publisher's version.
 
 
For additional information about this publication click this link.
http://hdl.handle.net/2066/128997
 
 
 
Please be advised that this information was generated on 2017-12-05 and may be subject to
change.
Supersymmetry and the Spectral Action
On a geometrical interpretation of the MSSM
Thijs van den Broek
This work has been funded by Nikhef, the National Institute for Subatomic
Physics, in Amsterdam.
Printed by Ipskamp Drukkers.
Thijs van den Broek: Supersymmetry & the Spectral Action, On a geometrical inter-
pretation of the MSSM.
Supersymmetry and the Spectral Action
On a geometrical interpretation of the MSSM
Proefschrift
ter verkrijging van de graad van doctor
aan de Radboud Universiteit Nijmegen
op gezag van de rector magnificus prof. mr. S.C.J.J. Kortmann,
volgens besluit van het college van decanen in het openbaar te
verdedigen op vrijdag 5 september 2014 om 12.30 uur precies
door
Thijs Cornelis Henricus van den Broek
geboren op 23 januari 1983 te Eindhoven
Promotor
Prof. dr. R.H.P. Kleiss
Copromotoren
Dr. W.J.P. Beenakker
Dr. W.D. van Suijlekom
Manuscriptcommissie
Prof. dr. S.J. de Jong
Prof. dr. A. Connes, Institut des Hautes Études Scientifiques,
Bures-sur-Yvette, France
Prof. dr. F. Lizzi, Università di Napoli Federico II, Napoli, Italy
Prof. dr. A.N. Schellekens
Prof. dr. T. Schücker, Université de Provence, Aix-Marseille,
France
iv
F O R E W O R D
Dear reader,
Apparently you have started reading my thesis on the interplay between non-
commutative geometry and supersymmetry, that is a result of the research I did
for my PhD. I hope you will enjoy it.
Of course this thesis is self-contained, starting with an introduction and finish-
ing with the conclusions, but as a guide for reading I have some suggestions.
 To make life a bit easier for the non-physicist: I recommend you to at least
start with the English or Dutch summaries in Chapter 4.
 The (high energy) physicist might skip Sections 1.1 on high energy physics
and 1.2 on supersymmetry and start with the introduction to noncommu-
tative geometry in Section 1.3.
 In contrast, the more mathematically inclined might benefit from reading
Sections 1.1 and 1.2 to get a sense of what I am trying to accomplish in the
context of noncommutative geometry.
 Those already familiar to noncommutative geometry can even consider
just starting with Chapter 2, using the previous chapter as referencing ma-
terial.
Thijs van den Broek
January 2014
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I N T R O D U C T I O N
1.1 H I G H E N E R G Y P H Y S I C S
Man has come a long way in his understanding of the world surrounding him.
With the progression of time, fewer and fewer of the natural phenomena that
once were mysteries to us have remained so. One of the oldest and most com-
pelling questions in this respect is what our world is made of. Aided by technol-
ogy, wit and a vast amount of curiosity we managed to probe into the structures
of matter deeper and deeper, uncovering smaller building blocks along the way.
It is widely recognized that this line of thought started with the hypothesis of
atomos —the invisible, basic constituents of matter— by Demokritos and his
teacher Leucippus in ancient Greece. But what we nowadays conceive of as
atoms have turned out to be far from indivisible. Work by J.J. Thomson (1897),
E. Rutherford (1911) and others revealed that these atoms are made of a core,
consisting of protons and neutrons, and one or more surrounding electrons. A
big puzzle remained however. Electrodynamics, the theory that describes how
charged particles such as the electron move, predicts that atoms will not be sta-
ble. The electrons, constantly losing kinetic energy from bremsstrahlung, would
quickly spiral into and smash against the core. Stable atoms should thus not ex-
ist. Electrodynamics turned out to be a theory unsuitable for the atomic realm.
Einstein, Bohr, Schrödinger, Heisenberg and many others subsequently devised
quantum mechanics (QM) in which atoms absorb and emit energy only in discrete
quanta, thereby circumventing the problem of unstable atoms. A key ingredient
of quantum mechanics is that the classical phase space coordinates (~x, ~p) should
be promoted to operators (~ˆx, ~ˆp) on wave functions ψ, satisfying the fundamental
commutation relation [13]
[xˆi, pˆj ] = i~δij .
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For the first time physics faced objects that are not-commuting, i.e. for which
[x, y] := xy − xy 6= 0. The wave functions are the solutions of the Schrödinger
equation:(
~ˆp · ~ˆp
2m
+ V (~ˆx)
)
ψ = i~
∂
∂t
ψ, pˆj = −i~ ∂
∂xj
, i2 = −1,
with V (~ˆx) an external potential, m the mass of the particle and ~ Planck’s con-
stant. The relevant physical quantity is then |ψ(~x, t)|2, the probability density of
the particle at (~x, t). As marvelous and widely applicable quantum mechanics
turned out to be, its foremost shortcoming is that it is a non-relativistic theory,
only valid for speeds much smaller than that of light c. Already soon after the
advent of QM, Paul Dirac translated [37] the Schrödinger equation into what is
nowadays called the Dirac equation:
(i~/∂ −mc)ψ = 0, /∂ ≡ γµ∂µ, (1)
where the γµ are the 4 × 4 gamma matrices acting on the spinor ψ. Treating space
and time on equal footing, this does yield a relativistic theory, valid for all phys-
ically allowed speeds. It was found to describe particles that possess a spin of 12 ,
such as the electrons revolving around an atom’s core. This equation, amongst
others, allowed not only stable atoms, but could predict the spectrum of the hy-
drogen atom to an unprecedented precision.
Soon after, in 1929, Werner Heisenberg and Wolfgang Pauli proposed [57] that
not only the energy of a system can be quantized, but also the wavefunctions
themselves are quantized objects. This insight paved the way for the framework
that is now known as Quantum Field Theory (QFT). It is considered to be the the-
ory, applicable both for arbitrarily small scales, and for speeds arbitrarily close
to the speed of light. Put differently, it takes two of the three fundamental con-
stants of nature (~, c and the gravitational constant G) into account, see Figure
1.
1.1.1 Quantum Field Theory
The subject of QFT is vast and intricate, and consequently I can only scratch
the surface when it comes to introducing it. For any details I refer the reader
to one of the many textbooks that have already been written on QFT, such as
[84, 95, 94, 102], each with its particular traits. From here on we will switch to
natural units, setting ~ = 1, c = 1.
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c 6=∞
~ 6= 0
G 6= 0
QM
QFT
GR
SR
Newt. Grav.
CM
QG
Figure 1: If each of the three fundamental constants of nature is visual-
ized as a dimension, each of which can be taken into account
or not, then all major theories in physics (Classical Mechanics,
Newtonian Gravity, the theories of Special Relativity and Gen-
eral Relativity, Quantum Mechanics and Quantum Field The-
ory) are seen to correspond to corners of the cube. The holy
grail in physics, Quantum Gravity, corresponds to the front
top corner.
A basic ingredient of almost any physical theory is the space(-time) in which
physical events take place. In QFT it is usually taken to be Minkowski spaceR1,3,
equipped with a (non-positive definite) inner product 〈., .〉 : R1,3×R1,3 → R. The
Poincaré groupR1,3oO(1, 3) is defined as the group of isometries of Minkowski
space, i.e. all operations O that preserve the inner product 〈x− y, x− y〉 for any
two space-time events x and y. Besides the discrete space- and time-inversions, it
consists of the Lorentz boosts, rotations and translations. Wigner classified [99] all
unitary (and physically acceptable) representations of the Poincaré group and
found that they are characterized by two numbers (s,m), where s ∈ 12N is the
spin of the representation and m ∈ R+ its mass.
The most common representations in QFT are the ones having spin 0, 12 and 1.
The Lorentz groupO(1, 3), the subgroup of the Poincaré group that excludes the
translations, acts in the following way on these representations:
φ(x)→ U(Λ)φ(x) := φ(Λ−1x) (spin 0)
ψ(x)→ U(Λ)ψ(x) := S(Λ)ψ(Λ−1x) (spin 12 )
Aµ(x)→ U(Λ)Aµ(x) := (ΛµνAν)(Λ−1x) (spin 1)
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for any Λ ∈ O(1, 3). Here S(Λ) = exp(− i2ωµνSµν) with Sµν = i4 [γµ, γν ]) and ωµν
a real, antisymmetric tensor that represents Λ. The components ωij (i, j = 1, 2, 3)
correspond to rotations, ω0i to boosts.
Given a set of fields we ultimately want to determine how they interact, i.e. to
calculate cross sections of the various possible interactions and to confront the
results with experimental data. But how to go about this? The starting point for
this is to specify an action functional
S[{Φ}] ∈ R, (2)
where we have written {Φ} = {φ1, . . . φl, ψ1, . . . ψm, A1, . . . An} for the collec-
tion of fields present in the theory. Often this is written in terms of a Lagrangian
density L via
S[{Φ}] =
∫
R1,3
L({Φ}, ∂µ{Φ})√gd4x, g = |det gµν |, (3)
where gµν is the metric and with ∂µ{Φ} we have indicated that the Lagrangian
(density) typically also depends on (the first) derivatives of the fields, see (5)
for an example. The machinery of QFT is then aimed at calculating (amongst
others) cross sections from this. This is typically done in three steps, as shown
schematically:
Action → Feynman rules → Matrix elements → Cross sections. (4)
As powerful a framework as this might be, it is insufficient to describe what we
observe in experiments (e.g. Figure 2). What exactly determines which particles
interact with each other and how?
1.1.2 The Standard Model
Via the Poincaré group we have so far only described the ‘external’ degrees of
freedom (i.e. related to space-time), but particles are also seen to have ‘internal’
properties, such as the charge of an electron, or the colour of a quark. As for
the first example, electrons are seen to interact with light, e.g. photons. How
can such an interaction be understood in QFT? These internal properties cannot
be accounted for by the Poincaré group, and so we have to turn to the gauge
principle.
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Figure 2: An event that results from two colliding
high energy protons, as is seen in the AT-
LAS detector at CERN. Image was taken
from the CERN document server, at cds.
cern.ch/record/1096078.
There is the notion of a gauge group; a Lie group G of which the finite part of the
fields are a representation:
(pi(g)φ)(x) = g(x) · φ(x), ∀g ∈ G,
for any representation φ(x) of the Poincaré group. This is called a gauge transfor-
mation. Notice the difference with the representation of the Poincaré group: even
though g ∈ G varies with the space-time coordinate x, it does not act on it.
The only permissible terms in the action (3) are those that keep it gauge invari-
ant:
S[pi(g)φ, pi(g)ψ, . . .] = S[φ, ψ, . . .].
In the case of the electron, for example, this means that the kinetic term
L(ψ¯, ψ) = ψ¯(i/∂ −m)ψ, ψ¯ = ψ∗γ0, (5)
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whose equation of motion is (1), as such is not permitted if we require local
phase-invariance. The reason for this is that upon letting ψ → gψ, g = eiα ∈
C∞(R1,3, U(1)) we have
ψ¯i/∂ψ → ψ¯e−iαi/∂eiαψ = ψ¯i/∂ψ − ψ¯γµψ∂µ(α).
Since the result is not equal to ψ¯i/∂ψ, (5) is not gauge invariant. The standard
solution (see e.g. [84, Ch 4.1.]) is to make the expression gauge invariant again by
means of minimal coupling:
∂µ → Dµ := (∂µ − iAµ), (6)
where Aµ is the (Hermitian) photon field. Thus, we must add to the Lagrangian
density (5) an interaction ψ¯γµAµψ, the latter transforming as
Aµ → Aµ + ieiα∂µe−iα
under the gauge group. To have propagating photons, the action then has to
feature a kinetic term for the photon field as well:
−1
4
∫
FµνF
µν√gd4x, Fµν = ∂µAν − ∂νAµ, (7)
which is also gauge invariant. The photon field Aµ, whose interaction strength
is proportional to the charge of the particles involved, mediates the electromag-
netic force and is thus said to be the ‘carrier’ of that force. Using essentially the
same argument all such force carriers, called gauge bosons, are introduced into
the theory this way.
The Standard Model (SM) can be obtained by taking the gauge group to be
G = U(1)× SU(2)× SU(3). (8)
Taking the representations that are listed in the upper part of Table 1, then via
the gauge principle the gauge bosons listed in the middle part —corresponding
to the hypercharge, weak and strong forces— appear. The corresponding La-
grangian density is
Lkin = LDirac + Lgauge.
Here, LDirac consists of the kinetic terms for each of the fermionic representa-
tions in Table 1 (such as (5), but coupled to the appropriate gauge bosons via (6))
andLgauge denotes the kinetic terms for each of the gauge bosons in Table 1 (such
1.1 H I G H E N E R G Y P H Y S I C S 7
as (7)). But this is not the full story: experimentally we know that the fermions
possess a mass, but concocting a Lagrangian that describes these masses is not
trivial. The Dirac representation is reducible and ψ = (ψL, ψR), where the labels
L and R denote the ±–eigenstates of the operator γ5, to which we refer as left-
and right-handed particles. The density (5) might feature a mass term, but since
in the SM the left- and right-handed particles are in different representations of
the gauge group, a term like
mψ¯ψ = m(ψ¯LψR + ψ¯RψL), ψL,R = eL,R, uL,R, dL,R, . . . (9)
would not be gauge invariant and hence cannot be part of a viable Lagrangian
density. On the other hand,
m(ψ¯LψL + ψ¯RψR), ψL = eL, uL, dL, . . . (10)
is gauge invariant but would vanish altogether, since the fields are of opposite
handedness. This is where the Higgs boson, listed in the bottom part of Table 1,
comes in. The Yukawa interactions
−LYukawa = Υuq¯Lϕ˜uR + Υdq¯LϕdR + Υν l¯Lϕ˜νR + Υe l¯LϕeR + h.c.,
that feature the Higgs SU(2)-doublet field ϕ also feature the left- and right-
handed fermions in a way similar as in (9) but now in a gauge invariant fashion.
In the above expression
ϕ˜ :=
(
0 1
−1 0
)
ϕ,
with ϕ the complex conjugate of ϕ, the symbols Υu,d,e,ν denote the 3×3 Yukawa-
matrices on family-space and a sum over the 3 generations is implied.1 We add to
the Lagrangian density a kinetic term for the Higgs and the Higgs potential:
LHiggs = |Dµϕ|2 − V (ϕ), V (ϕ) = −µ2|ϕ|2 + λ|ϕ|4 λ, µ2 > 0. (11)
Because of the opposite signs in the potential V (ϕ) one finds that its minimum
is not at |ϕ| = 0, but rather at µ/√2λ =: v/√2. This minimum will serve as the
ground state around which the quantum fluctuations (e.g. the particles) should
be considered. Expanding the field around the minimum, we can parametrize it
in the unitary gauge as
ϕ =
(
0
1√
2
v +H
)
where H(x) ∈ R,
1Here we have tacitly assumed the existence of a right-handed neutrino, which is strictly speak-
ing not part of the SM.
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which yields from LYukawa the desired fermion mass terms:
−LYukawa = v√
2
[
Υuu¯LuR + Υdd¯LdR + Υν ν¯LνR + Υee¯LeR + h.c.
]
This is an example of spontaneous symmetry breaking, resulting in
U(1)Y × SU(2)L × SU(3)→ U(1)EM × SU(3),
for the gauge group. Here U(1)EM is the group whose representations are la-
beled by the electromagnetic charges. Apart from giving mass to the fermions, this
mechanism also provides mass terms for the weak gauge bosons, arising from
|Dµϕ|2.
Since the right-handed neutrino is completely neutral under the gauge group,
we can add (e.g. [40]) to the Lagrangian density a Majorana mass term
LMaj = −1
2
(νcRMRνR + h.c.), (12)
with MR a symmetric 3 × 3–matrix in family space and νcR := Cψ¯t, the charge
conjugate of νR, where ψt denotes the transpose of ψ. When the entries of MR
(after diagonalizing it) are large enough, a seesaw mechanism [76, 100, 50] might
explain why the upper bounds for the observed neutrino masses are so low.
To summarize things, the most general Lagrangian density compatible2 with the
representations that are present in the theory and the rules of the game (gauge
invariance, etc.), is given by3:
LSM = Lkin + LHiggs + LYukawa + LMaj. (13)
From this expression, all the tools that QFT provides us and some experimental
input we can determine what we expect to see in particle colliders.
On the 4th of July 2012, the LHC collaboration claimed to have found a new par-
ticle whose mass was around 125 GeV. At the time of writing of this thesis it is
becoming more and more probable [3, 4] that this is indeed the long sought for
Higgs boson. This discovery is the crown on the Standard Model and a tremen-
dous landmark for physics.
2Modulo some terms like the θ-term [94, §23.6].
3See e.g. [70], but in a slightly different notation. See also [88].
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Name Symbol Representation
Fermions (per generation):
right-handed up quarks uR (2/3, 1, 3)
right-handed down quarks dR (−1/3, 1, 3)
left-handed quarks qL = (uL, dL) (1/6, 2, 3)
right-handed neutrinos νR (0, 1, 1)
right-handed electrons eR (−1, 1, 1)
left-handed leptons lL = (νL, eL) (−1/2, 2, 1)
Gauge bosons:
gluons gµ (0, 1, 8)
weak-force bosons ~Wµ (0, 3, 1)
hypercharge field Bµ (0, 1, 1)
Scalar(s):
Higgs boson ϕ (1/2, 2, 1)
Table 1: The particles of the Standard Model. The last column gives the representation of
the gauge group (8) the particle is in. The first number in that column denotes
the hypercharge of the U(1)-representation. The second denotes the dimension
of the SU(2)-representation: 1 for trivial / singlet, 2 for fundamental / defining
and 3 for adjoint. The third number is the dimension of the SU(3) representation,
1, 3 or 8.
The limits of the Standard Model
As successful the SM may be in describing the world at the scale of elementary
particles, many believe that it cannot be the final theory of nature. At some point
(with which is meant ’for some energy’) new phenomena should occur that the
SM cannot account for. To date, particle accelerator experiments have given us
no reason to doubt the validity of the SM4, but there is a number of experimental
and theoretical arguments in favour of this view. We list the main ones.
4See e.g. [14] concerning the search for supersymmetry (§1.2 ahead) in particular.
10 I N T R O D U C T I O N
 No incorporation of gravity. We have four fundamental forces, only three
of which are described with the SM. The remaining force, gravity, is very
successfully described by means of Einstein’s theory of General Relativity.
Despite tremendous efforts no way of combining both, corresponding to
the front top corner of the cube in Figure 1, has yet been found.5
 Large corrections to the Higgs mass. Due to interactions such as the one
depicted in Figure 3 the Higgs receives extra contributions to its mass
squared that are proportional to the square of the mass of the heaviest
fermion it couples to (see e.g. [39, Ch. 1.2]). If we believe in a Grand Uni-
fied Theory (GUT) at a mass scale on the order of 1015 − 1016 GeV and
assume that there are fermions of this mass coupling to the Higgs, these
contributions are huge compared to the bare Higgs mass. This is not a sign
of a robust theory!
h h
fL
f¯R
Figure 3: A contribution to the Higgs self-
energy due to its interaction with a
fermion / anti-fermion pair fL, f¯R.
 Dark matter (DM). There are various experimental signs6 showing that
we do not know what the vast majority of our universe consists of.7 The
amount of matter that is directly visible to us on the one hand and the
amount that we indirectly measure (e.g. via gravity) on the other, are far
apart. One of the most viable scenarios8 is that dark matter consists of one
5With this I mean theories that not only obtain the SM as a low energy limit, but also make one
or more falsifiable predictions.
6See e.g. [26] for an overview.
7Recently, the Planck Collaboration ([30] Table 9, [29]) fitted their cosomological data to the
ΛCDM model (see e.g. [6]), implying Cold Dark Matter (CDM) to account for about 26% of the total
energy in the universe and baryonic matter making up only about 5%.
8See e.g. [46] for a review on the DM candidates.
1.2 S U P E R S Y M M E T R Y 11
or more types of weakly interacting massive particles (or WIMPs), something
the SM cannot account for.9
The search for a viable extension of the SM is ongoing and of massive scale.
1.2 S U P E R S Y M M E T R Y
The past decades have witnessed the birth of a plethora of ‘Beyond the Standard
Model’ theories that try to remedy one or more of the aforementioned shortcom-
ings. Supersymmetry (SUSY) is a particular example of such a theory. The pur-
pose of this section is to very briefly discuss its basis notions, apply it to the SM
and review some relevant properties of the result. Good introductions to super-
symmetry are [39, 73, 74, 12]. A more mathematical approach can be found in
[47].
In the 1960s the question was raised whether there might be extensions of the
Poincaré algebra (Section 1.1.1), incorporating a symmetry that would prove to
be valuable for physics. Coleman and Mandula [28] proved that —given certain
conditions— the Poincaré algebra constitutes all the symmetries of the S-matrix.
Several years later however, Haag et al. [56] showed that extending the Poincaré
algebra can possibly lead to new physics, if one extends the notion of a Lie
algebra (as is the Poincaré algebra) to that of a graded Lie algebra. Elements
of such an algebra have a specific degree which determines whether they sat-
isfy commutator or anti-commutator relations. The Poincaré algebra (having
only zero-degree elements) is then extended with a set of variables Qia and Q¯ia
(i = 1, . . . , N ,10 a = 1, 2) of degree 1 (i.e. they satisfy anti-commutation rela-
tions), transforming in the ( 12 , 0) and (0,
1
2 ) representations of the Lorentz group
respectively. This extended algebra is called the supersymmetry algebra.
Throughout this thesis we will be considering the case N = 1 only.
The nature of these ‘fermionic’ generators Q, Q¯ is then that they relate bosons
and fermions. Schematically:
Q|boson〉 = |fermion〉, Q|fermion〉 = |boson〉.
9The extension of the SM with right-handed neutrinos does provide WIMPs (the ‘sterile neutri-
nos’), but for them to serve as DM candidates means giving up the seesaw mechanism, explaining the
smallness of the neutrino masses [46, §VII].
10The possible values forN , the number of supersymmetry generators, depend on the space-time
dimension. For example, for d = 4, N = 1, 2, 4 or 8.
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To be a bit more precise:
Definition 1 (Supersymmetry transformation). For a constant, two component spinor
, we define (cf. [96, p. 21]) a supersymmetry transformation on any representation
ζ of the Poincaré algebra as
δζ := [(Q) + (¯Q¯)]ζ. (14)
If we define such a δζi(x) for each of the fields ζ1, . . . , ζn appearing in a theory,
we can talk about whether or not its action is invariant under supersymmetry. If
δS[ζ1, . . . , ζn] :=
d
dt
S[ζ1 + tδζ1, . . . , ζn + tδζn]
∣∣∣
t=0
(15)
equals 0, we call the system supersymmetric. A particularly simple example of a
supersymmetric system is the following.
Example 2 (Wess-Zumino [97]). The action of a system containing a free Weyl fermion
ξ and complex scalar field φ, is (in the notation of [39]) given by
S[φ, ξ, ξ¯] =
∫ (
|∂µφ|2 + iξσµ[∂µ]ξ¯
)
d4x, (16)
where σµ = (I2, σa) with σa, a = 1, 2, 3 the Pauli matrices, ξ¯ is the Hermitian con-
jugate of ξ and X[∂µ]Y := 12X∂µY − 12 (∂µX)Y . This action is seen to be invariant
under the transformations
δφ :=
√
2 · ξ, δ¯ξ := −
√
2iσµ¯∂µφ, (17)
see [39, §4.2]. Fields such as φ and ξ are called each other’s superpartners.
Actually, (16) is only supersymmetric on shell, i.e. to prove supersymmetry one
has to invoke the equations of motion for ξ. This is caused by the fields having
the same number of degrees of freedom on shell, but not off shell. We can make
this work off shell as well by introducing a complex scalar (auxiliary) field F
that appears in the Lagrangian through LF = |F (x)|2. Modifying the transfor-
mations (17) slightly to contain F , supersymmetry is seen to hold both on shell
and off shell. The example above is a nice illustration of the necessary condition
that the total number of fermionic and bosonic degrees of freedom has to be the
same in order for a system to exhibit supersymmetry at all.
Example 3 (Wess-Zumino [97]). Another important example of a supersymmetric
model is the super Yang-Mills system, whose action is given by∫
d4x
(
− 1
4
FµνF
µν + iλσµ[∂µ]λ¯+
1
2
D2
)
. (18)
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Here Fµν = ∂µAν − ∂νAµ is the field strength (curvature) of a u(1) gauge field Aµ,
λ a Weyl spinor and D is a real u(1) auxiliary field. The latter must again be added
to ensure an equal number of bosonic and fermionic degrees of freedom both on and off
shell. This action is seen to be invariant under the transformations
δAµ = σµλ¯+ λσ
µ¯
δλ = − i
4
σµσνFµν+D,
δD = i∂µ(λσ
µ¯+ λ¯σ¯µ),
where σ¯µ = (I2,−σa) (see [39], Chapters 4.1 and 4.4).
In Table 2 the role of the auxiliary fields is explicated for the Wess-Zumino and
the super Yang-Mills models. For both the bosonic degrees of freedom are seen
to be equal to the fermionic ones.
Wess-Zumino: φ F ξ Super Yang-Mills: Aµ D λ
Off shell: 2 2 4 Off shell: 3 1 4
On shell: 2 0 2 On shell: 2 0 2
Table 2: The number of real degrees of freedom both on and off shell for the Wess-Zumino
and Super Yang-Mills models. In all cases the bosonic and fermionic number of
degrees of freedom coincide.
In many of the more advanced treatments of supersymmetry (e.g. [96]), ordinary
space is extended to a superspace (xµ, θ, θ) (where θ and θ are two-component
Grassmann variables). The particle content of a certain model is then described
in terms of superfields (fields depending on all coordinates of superspace and
containing the particles that are each other’s superpartners). Two key examples
are the chiral superfield Φ, with the particle content of Example 2, and the vector
superfield V , whose particle content is that of Example 3. The action is recovered
by integrating certain combinations of the superfields Φ and V over superspace
by means of a Berezin integral. In this way the actions (16) for the chiral superfield
and (18) for the vector superfield can be recovered.
1.2.1 The supersymmetric version of the Standard Model
When considering gauge theories, superpartners need to be in the same repre-
sentation of the gauge group. A glance at Table 1 makes it clear that the SM is
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not supersymmetric by itself. We have to introduce its superpartners to make it
supersymmetric however:
Example 4 (MSSM). The Minimally Supersymmetric Standard Model (MSSM)
is the supersymmetric theory that is obtained by adding to the particle content a su-
perpartner11 for each type of SM particles. In addition an extra Higgs doublet and its
superpartner are introduced with hypercharge opposite to that of the other pair. One of
the two pairs will give mass to the up-type particles, the other to the down-type ones.
The adjective ’minimally’ is justified by the fact that the MSSM is the smallest (i.e. with
the least number of additional superpartners) viable supersymmetric extension of the
SM. See Table 3 and e.g. [39, 25] for details.
The following nomenclature is used. The name of superpartners of the fermions
get a prefix ‘s’ (i.e. selectron, stop, etc.). The superpartners of the bosons get the
suffix ’ino’ (i.e. gluino, higgsino, etc.).
Having two higgsino doublets with opposite hypercharge is necessary because
adding only one higgsino doublet to the fermionic content of the SM will gen-
erate a chiral anomaly. The second higgsino is needed to cancel this anomaly
again [39, §8.2].
The various superpartners are not only distinguished by their spin, but also by
their R-parity. This is a Z2-grading (or ‘discrete gauge symmetry’) that for the
MSSM is equal to
Rp = (−1)2S+3B+L, (19)
where S is the spin of the particle, B is its baryon number and L its lepton
number. It follows that all SM particles (including the extra Higgses) have R-
parity +1, whereas all superpartners have R-parity −1.
The list of the MSSM’s merits is quite impressive. See [25, ch. 1] for a short
overview. Here we will pick out two:
1. The MSSM makes the Higgs mass more stable. Roughly speaking, for each
of the loop-interactions contributing to the mass of the Higgs there is a sec-
ond such interaction that features a superpartner. This second contribution
compensates for the first one.
2. IfR-parity is conserved in the MSSM, the lightest particle that hasRp = −1
cannot decay and thus provides a cold Dark Matter candidate.
11This makes it an example of N = 1 supersymmetry.
1.3 N O N C O M M U TAT I V E G E O M E T R Y 15
Superfield Spin Representation
0 12 1
Left-handed (s)quark QL q˜L qL – (1/6, 2, 3)
Up-type (s)quark UR u˜R uR – (2/3, 1, 3)
Down-type (s)quark DR d˜R dR – (−1/3, 1, 3)
Left-handed (s)lepton LL l˜L lL – (−1/2, 2, 1)
Up-type (s)lepton NR ν˜R νR – (0, 1, 1)
Down-type (s)lepton ER e˜R eR – (−1, 1, 1)
Gluon, gluino V – g gµ (0, 1, 8)
SU(2) g. bosons, gauginos W – ~λ ~Wµ (0, 3, 1)
B-boson, bino B – λ0 Bµ (0, 1, 1)
Up-type Higgs(ino) Hu hu h˜u – (1/2, 2, 1)
Down-type Higgs(ino) Hd hd h˜d – (−1/2, 2, 1)
Table 3: The particle content of the νMSSM, the minimal supersymmetric extension of
the Standard Model featuring a right-handed neutrino. Each line represents one
superfield, with particle content as indicated. All superpartners are in the same
representation of the gauge group.
3. The additional particle content of the MSSM makes it possible for the three
coupling constants g1, g2 and g3 to evolve via the Renormalization Group
Equations in such a way that they exactly meet at one energy scale. This
hints at the existence of a Grand Unified Theory, that is hoped for by many
theorists. See also Sections 1.3.3 and 1.4.
Despite the theoretical arguments in favour of the MSSM, so far no experimental
hints for its existence have been detected [14].
1.3 N O N C O M M U TAT I V E G E O M E T R Y
Although noncommutative geometry (NCG, [32]) is a branch of mathematics,
there is a number of applications in physics. The aim of this section is to pro-
vide a bird’s eye view of NCG in relation with its foremost such application.
This is the interpretation of the Standard Model as a geometrical theory, a line
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of thought that started with the Connes-Lott model [35] and culminated in [23]
with the full SM, including a prediction of the Higgs boson mass. As much as
possible I will focus on ideas and concepts and avoid the use of rigorous but tech-
nical statements, refering to the literature instead. Good general introductions to
the field are e.g. [54, 68, 92]. The glossary in Appendix C provides explanations
to some of the terms that are used. In Appendix B a list of symbols can be found.
Physics and geometry in fact have a rather long and fruitful joint history. Think
of the theory of General Relativity and the geometrical interpretation of gauge
theories (see e.g. [43]). NCG may be considered as a generalization of the former
and incorporates the latter.
The field is rooted in an idea [49] that dates back to the 1940s stating that any
compact Hausdorff space M and the commutative, unital C∗-algebra of conti-
nous functions on that space,
C(M,C) = {f : M → C, f is continuous}
are each other’s category theoretical dual (loosely stated: they contain the same
information). So instead of talking about spaces (which are a topological con-
cept) we might equally well talk about commutative C∗-algebras (an algebraic
concept). Building upon the above correspondence, various properties of the
space M can be translated into properties of the algebra C(M) [93, §1.11]. This
indicates a deep connection between two different fields of mathematics.
The essential idea behind NCG is to generalize this correspondence in the sense
that also noncommutative algebras are allowed. It provides concepts and tech-
niques in order to work with these noncommutative algebras.
1.3.1 Spectral triples
One such concept lies at the very heart of NCG, namely that of a spectral triple,
describing a noncommutative manifold.
Definition 5. (Spectral triple [32]) A spectral triple is a triple (A,H, D), where A is
a unital, involutive algebra that is represented as bounded operators on a Hilbert space
H on which also a Dirac operator D acts. The latter is an (unbounded) self-adjoint
operator that has compact resolvent and in addition [D, a] is bounded for all a ∈ A.
We will write 〈., .〉 : H × H → C for the inner product that H by definition is
equipped with.
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This is a rather abstract object. To make it a bit more tangible, we turn to the
case of the space M again. To make it more interesting for us, we require it to be
enriched with extra structures. We will restrict ourselves to Riemannian spin man-
ifolds, spaces that locally look like the Euclidean space Rn (for some n) on which
a Riemannian metric g (locally: gµν) exists and that admit spinors. (For a com-
parison between results for Riemannian / Euclidean and pseudo-Riemannian /
Minkowskian backgrounds, see the Appendix A.1).12
 The algebraC∞(M,C) is the subalgebra ofC(M,C) containing only smooth
(i.e. infinitely differentiable) functions. It can be made involutive (just as
C(M) itself) by defining f∗ : M → C through (f∗)(x) := f(x) ∈ C for all
x ∈M .
 The Hilbert space that is compatible with this algebra is L2(M,S) — or
L2(S) for short. It consists of smooth, spinor-valued functions ψ (i.e. for
each x ∈ M , ψ(x) ∈ Sx is a spinor). The number of components of that
spinor depends on the dimension m of the manifold M : dimSx = 2n, with
m = 2n or m = 2n+ 1, according to whether m is even or odd.13 Note that
for a given manifold M , L2(M,S) need not even exist; its existence relies
heavily on the properties of M [85].
 The Levi-Civita connection —the unique connection on M that is compati-
ble with the metric g— can be lifted to act on spinor-valued functions. This
leads to the operator
/∂M := iγ
µ(∂µ + ωµ), (20)
that is familiar from the Dirac equation (1), save for the term
ωµ = −1
4
Γ˜bµaγ
aγb
12Keep in mind though that Minkowski space is not an example of a Riemannian manifold.
Rather it is pseudo-Riemannian since its metric is diagonal with negative entries. See Appendix
A.1 for some comments on this.
13Technically, L2(M,S) is the completion of Γ∞(S) —the smooth sections of a spinor bundle
S— with respect to the inner product
〈ψ1, ψ2〉 :=
∫
M
2n∑
i=1
ψ∗1(x)iψ2(x)i
√
gdmx,
where m = 2n or m = 2n + 1 and
√
g (g ≡ det g) is the Riemannian volume form. Here we have
assumed the orientability of M . See e.g. [54], Chapter 9, for details.
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which accounts for the manifold M being curved [54, §9.3]. Here the latin
indices a, b indicate the use of a frame field h, diagonalising the metric
gµν = hµah
ν
b δ
ab and γ-matrices
{γa, γb} = 2δab, γµ = hµaγa, (21)
and Γ˜bµa := Γλµνhνahbλ, with Γ
λ
µν the Christoffel symbols of the Levi-Civita
connection. From the metric g thus a Dirac operator is derived and con-
versely [31, 92] the metric is completely determined by the Dirac operator.
Together these three objects form the canonical spectral triple:
Example 6. (Canonical spectral triple [32, Ch. 6.1]) The triple
(A,H, D) = (C∞(M), L2(M,S), /∂M = iγµ(∂µ + ωµ))
is called the canonical spectral triple. Here M is a compact Riemannian spin-manifold
and L2(M,S) denotes the square-integrable sections of the corresponding spinor bundle.
The Dirac operator /∂M is associated to the unique spin connection, which in turn is
derived from the Levi-Civita connection on M .
The canonical spectral triple may be said to have served as the motivating exam-
ple of the field; NCG is more or less modelled to be a generalization of it.
In the physics parlance the canonical spectral triple roughly speaking deter-
mines a physical system: the algebra encodes space(-time), the Hilbert space con-
tains spinors ‘living’ on that space(-time) and /∂M determines how these spinors
propagate.
A second important example is that of a finite spectral triple:
Example 7. (Finite spectral triple [83, 67]) For a finite-dimensional algebra AF , a
finite-dimensional left moduleHF of AF and a Hermitian matrix DF : HF → HF , we
call (AF ,HF , DF ) a finite spectral triple.
We will go into (much) more detail on finite spectral triples in Section 1.3.4.
Given a spectral triple one can enrich it with two operators. The first of these,
indicated by J , has a role similar to that of charge conjugation, whereas the other,
indicated by γ, allows you to make a distinction between positive (‘left-handed’)
and negative (‘right-handed’) chirality elements of a (reducible) Hilbert space:
 We call a spectral triple even if there exists a grading γ : H → H, with
[γ, a] = 0 for all a ∈ A such that
γD = −Dγ. (22)
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 We call a spectral triple real if there exists an antiunitary operator (real struc-
ture) J : H → H, satisfying
J2 =  idH, JD = ′DJ, , ′ ∈ {±}. (23)
The real structure implements a right action ao of a ∈ A on H, via ao :=
Ja∗J∗ that is required to be compatible with the left action:
[a, Jb∗J∗] = 0 , (24)
i.e. (aψ)b = a(ψb) for all a, b ∈ A, ψ ∈ H. The Dirac operator and real
structure are required to be compatible via the first-order condition:
[[D, a], Jb∗J∗] = 0 ∀ a, b ∈ A. (25)
 If a spectral triple is both real and even there is the additional compatibility
relation
Jγ = ′′γJ, ′′ ∈ {±}. (26)
We denote such an enriched spectral triple by (A,H, D; J, γ) and call it a real,
even spectral triple. The eight different combinations for the three signs above
determine the KO-dimension of the spectral triple, cf. Table 4. For more details
we refer to [54, 36].
KO-dimension: 0 1 2 3 4 5 6 7
J2 =  idH + + − − − − + +
JD = ′DJ + − + + + − + +
Jγ = ′′γJ + − + −
Table 4: The various possible KO-dimensions and the corresponding values for the signs
J2 =  idH, JD = ′DJ and Jγ = ′′γJ [54, §9.5].
Example 8. The canonical spectral triple (Example 5) can be extended by a real struc-
ture JM (‘charge conjugation’). When dimM is even it can also be extended by a grad-
ing γM := (−i)dimM/2γ1 . . . γM (‘chirality’, often denoted as γdimM+1). The KO-
dimension of a canonical spectral triple always equals the dimension of the manifold M
(e.g. [54, §9.5]).
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A
H
D
Jγ
A : H → H
D∗ = D, comp. res.
JD = ′DJ
[γ,A] = 0
Jγ = ′′γJ
J2 =  idH
ao = Ja∗J∗, [a, bo] = 0
γ∗ = γ, γ2 = idH
γD = −Dγ
[a,D] ∈ B(H)
1 2
3
4
5 10 9
8
7
6
1
2
3
4
5
6
7
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9
10
Figure 4: A pictorial overview of the various relations that hold be-
tween the constituents of a real and even spectral triple. Not
depicted here is the first order condition (25).
For dimM = 4, the case we will be focussing on, we have14
γ5 := −γ1γ2γ3γ4,
which, using that {γi, γj} = 2δij (cf. (21)), indeed satisfies (γ5)2 = idL2(S) and
(γ5)∗ = γ5. This enables us to reduce the space L2(M,S) into eigenspaces of γ5:
L2(S) = L2(S)+ ⊕ L2(S)−, L2(S)± = {ψ ∈ L2(S), γ5ψ = ±ψ}.
Also, γ5 is seen to anticommute with /∂M . As for the real structure J , it is given
[68, §5.7] pointwise as (Jψ)(x) := C(x)ψ¯(x) with C(x) a charge conjugation ma-
trix and the bar denotes complex conjugation. One obtains [54, §9.4] a charge
conjugation operator that satisfies
C2 = −1, C /∂M = /∂MC, γ5C = Cγ5.
Table 4 shows that the KO-dimension indeed equals dimM . Note the difference
with the charge conjugation operator in Minkowski space-time, where C2 = 1
and Cγ5 = −γ5C (for signature + - - -, e.g. [101, p.97/98]) or C2 = −1, Cγ5 =
−γ5C (for signature -+++, e.g. [89, §36]).
Example 9. As in the general case a finite spectral triple (Example 7) is called real if
there exists a JF (implementing a bimodule structure ofHF ) and even when there exists
a grading γF onHF .
14See Appendix A.1 for the relevant differences with the Minkowski background.
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Given any two spectral triples (A1,2,H1,2, D1,2; J1,2, γ1,2) their tensor product
(A1 ⊗A2,H1 ⊗H2, D1 ⊗ 1 + γ1 ⊗D2, J1 ⊗ J2, γ1 ⊗ γ2),
is again a spectral triple15. The form of the Dirac operator of the tensor product
is necessary to ensure that it anti-commutes with γ1 ⊗ γ2 and that the resolvent
remains compact. It follows that the KO-dimension of this tensor product is the
sum of the KO-dimensions of the separate spectral triples. In the canonical spec-
tral triple the algebra encodes space(-time), in a finite spectral triple it will seen
to be intimately connected to the gauge group (see (47) ahead). In describing par-
ticle models we need both. We therefore take the tensor product of a canonical
and a finite spectral triple. In the case that dimM = 4 this reads
(C∞(M,AF ), L2(M,S ⊗HF ), /∂M ⊗ 1 + γ5 ⊗DF , JM ⊗ JF , γ5 ⊗ γF ),
(27)
with C∞(M)⊗AF ' C∞(M,AF ). Spectral triples of this form are generally re-
ferred to as almost-commutative geometries [60]. Noncommutative geometry can
thus be said to put the external and internal degrees of freedom of particles on
similar footing. To obtain your favourite particle physics model (in four dimen-
sions) the key is to construct the right finite spectral triple that accounts for the
gauge group and all internal degrees of freedom and interactions.
1.3.2 Gauge fields and the action functional
Two more concepts need to be introduced. The first arises from the mathemati-
cally natural question “to what extent is a given spectral triple (A,H, D) unique?”.
To this end we define the notion of unitarily equivalent spectral triples:
Definition 10 (Unitarily equivalent spin geometries [92], §7.1). Two (real and
even) spectral triples (A,H, D; J, γ) and (A,H, D′; J ′, γ′) are said to be unitarily
equivalent, if there exists a unitary operator U onH such that
 UaU∗ = σ(a) ∀ a ∈ A,
 D′ = UDU∗,
 J ′ = UJU∗,
 γ′ = UγU∗.
15Not in all cases this is the expression for the tensor product though: the form of the real struc-
ture of the tensor product depends on the KO-dimensions of the spectral triples [38, 91].
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Here σ denotes an automorphism of the algebra A.
Given an algebra Awe can form the group of unitary elements of A:
U(A) := {u ∈ A, uu∗ = u∗u = 1}
and construct unitary operators U := uJuJ∗:
U : H → H, ψ → uψu∗. (28)
Using this group we can construct a particular kind of unitary equivalence for
spectral triples, where the automorphism σ is seen to be an inner automorphism,
i.e. UaU∗ = uau∗, where we have used (24) and that J2 =  id.
Lemma 11. For U = uJuJ∗ with u ∈ U(A), the real and even spectral triples
(A,H, D; γ, J) and
(A,H, D +A+ ′JAJ∗; J, γ) with A = u[D,u∗], u ∈ U(A), (29)
are unitarily equivalent.
Proof. First, since γ commutes with all the elements of A and Jγ = ′′γJ we
have
UγU∗ ≡ uJuJ∗γJu∗J∗u∗ = (′′)2uJuJ∗Ju∗J∗u∗γ.
Using that J∗J = JJ∗ = id and uu∗ = 1, this reduces to γ. Second, we have for
the real structure
UJU∗ ≡ uJuJ∗ J Ju∗J∗u∗ = uJuJu∗J∗u∗.
If we employ (24), this becomes
UJU∗ = uJJu∗J∗uu∗ = J,
where we have used that uu∗ = 1 and twice that J∗J = id and J2 =  id. Finally,
we have for the Dirac operator:
UDU∗ ≡ uJuJ∗DJu∗J∗u∗ = ′uJuDu∗J∗u∗,
where we have employed JD = ′DJ and that JJ∗ = id. Now, using uu∗ = 1,
write uDu∗ = D + u[D,u∗] to yield
UDU∗ = ′uJ(D + u[D,u∗])J∗u∗.
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For the first term of this expression, apply these steps again to obtainD+u[D,u∗].
For the second term we use that J∗ = J , insert 1 = JJ∗ at the very end of
this expression and employ the order one condition (25) and the commutant
property (24) to get
′2uJu[D,u∗](Ju∗J∗)J∗ = ′uJ(Ju∗J∗)u[D,u∗]J∗ = ′Ju[D,u∗]J∗,
where we have used again twice that J∗ = J . Taking terms together, we arrive
at the result.
This result implies that the class of unitarily equivalent spectral triples for U =
uJuJ∗, u ∈ U(A) differ only by the inner fluctuations of the Dirac operator. A
more general —but also a somewhat more involved— way to look at this is by
using the notion of Morita equivalence of spectral triples (e.g. [34, §XI]). In this
way the inner fluctuations A of
D → DA := D +A+ ′JAJ∗
are seen to be the self-adjoint elements of
Ω1D(A) :=
{∑
n
an[D, bn], an, bn ∈ A
}
. (30)
The action of U (Lemma 11) onDA (i.e.DA 7→ UDAU∗) induces one on the inner
fluctuations:
A 7→ Au := uAu∗ + u[D,u∗], (31)
an expression that is reminiscent of the way gauge fields transform in quantum
field theory. Note that the inner fluctuations that arise using the argument of
unitary equivalence in fact only correspond to pure gauges.
In the case of a canonical spectral triple —for which the left and right actions
coincide— that has JD = DJ , the inner fluctuations vanish [68, §8.3]. In the
case of an almost-commutative geometry both components /∂M and DF of the
Dirac operator generate inner fluctuations. For these we will write
DA := /∂A + γM ⊗ Φ, (32)
where /∂A = iγµ(∂µ + ωµ ⊗ idHF +Aµ), with
Aµ =
∑
n
(
an[∂µ, bn]− ′Jan[∂µ, bn]J∗
)
, an, bn ∈ C∞(M,AF ), (33)
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skew-Hermitian and
Φ = DF +
∑
n
(
an[DF , bn] + 
′Jan[DF , bn]J∗
)
, an, bn ∈ C∞(M,AF ).
The relative minus sign between the two terms in Aµ comes from the identity
JMγ
µJ∗M = −γµ for even-dimensional dimM . The terms will later be seen to
contain all gauge fields of the theory [34, §XI]. The inner fluctuations of the finite
Dirac operator DF (see also (45)) are seen to parametrize all scalar fields, such
as the Higgs field. Interestingly, this view places gauge and scalar fields on the
same footing, something that is not the case in QFT. See Table 5 for an overview
of the origin of the various fields.
Type of field NCG-object
Fermions L2(M,S)⊗HF
Scalar bosons Ω1DF (A)
Gauge bosons Ω1/∂M (A)
Table 5: The various possible fields that are ingredients of physical theories and the NCG-
objects they originate from in the case of an almost-commutative geometry.
The second and last ingredient that we will need here is a natural, gauge invari-
ant, functional that can serve as the equivalent of the action (2) we know from
high energy physics. For that we want something which as much as possible
depends on the data that are present in the spectral triple. The choice [19, 23] for
that turns out to be
S[ζ,A] :=
1
2
〈Jζ,DAζ〉+ tr f(DA/Λ), ζ ∈ 1
2
(1 + γM ⊗ γF )H ≡ H+,
(34)
consisting of the fermionic action and the spectral action respectively. Here f is
a positive, even function, Λ is a (unknown) mass scale16 and the trace of the
second term is over the entire Hilbert space. In its original [35, 19] form, the
expression for the fermionic action did not feature the real structure (nor the fac-
tor 12 ) and did not have elements of only H+ as input. It was shown [20] that
for a suitable choice of a spectral triple it does yield the full fermionic part of
16The parameter Λ more or less serves as a cut-off, and will in the derivation of the SM (Section
1.3.3 ahead) be interpreted as the GUT-scale.
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the Standard Model Lagrangian (see Section 1.3.3), including the Yukawa inter-
actions, but suffered from the fact that the fermionic degrees of freedom were
twice what they should be, as pointed out in [72]. Furthermore it does not allow
a theory with massive right-handed neutrinos. Adding J to the expression for
the fermionic action and requiring {J, γ} = 0 allows restricting its input to H+
without vanishing altogether. This expression is seen to solve both problems at
the same time [23] (see also [36]). We will not further go into details but refer to
the mentioned literature instead.
Despite its deceivingly simple form, the second term of (34) is a rather compli-
cated object and in practice one has to resort to approximations for calculating
it explicitly. Most often this is done [20] via a heat kernel expansion [52]. In four
dimensions and for a suitable Dirac operator (see Appendix A.2) this reads:
tr f(DA/Λ) ∼ 2Λ4f4a0(D2A) + 2Λ2f2a2(D2A) + f(0)a4(D2A) +O(Λ−2), (35)
where f2, f4 are the second and fourth moments of f and the (Seeley-DeWitt) coef-
ficients a0,2,4(D2A) only depend on the square of the Dirac operator. In Appendix
A.2 we will cover this expansion in more detail.
Note the resemblance of the kinetic term (5) of the electron with the first term
of (34). This first term of (34) will in fact yield all fermionic interactions of the
theory.
In the beginning I mentioned that NCG was in some sense a generalization of
the theory of General Relativity. With this I mean that if you would compute
the spectral action (34) for the canonical spectral triple (Example 6) you get the
Einstein-Hilbert action of GR, including a cosmological constant. The first term
of (34) serves as the ‘matter’-term curving space(-time). See the Appendix A.2.1
for details.
Note that —in contrast to ‘normal’ high energy physics— there is no question
of adding some terms to the action by hand in order to make something work.
The action (34) is simply fixed by the spectral triple. In some sense it thus puts
an additional entry before the first step in the schematical procedure (4).
1.3.3 The noncommutative Standard Model (NCSM)
We now have all the essential ingredients to obtain the Standard Model [23]. We
take a compact, 4-dimensional Riemannian spin manifold M without bound-
26 I N T R O D U C T I O N
ary17 and the corresponding canonical spectral triple. We take the tensor product
with a finite spectral triple whose algebra is
AF = C⊕H⊕M3(C),
where with H we mean the quaternions and M3(C) the complex 3×3-matrices.
Note that it is this finite algebra that makes the resulting spectral triple actually
noncommutative. We denote the irreducible representations of its components
with 1, 2 and 3 respectively. In addition, we will need the anti-linear representa-
tion 1, on which λ ∈ C acts as λ¯. With 1o, 2o, etc. we denote the contragredient
module. A natural bimodule of this algebra18 (i.e. the finite Hilbert space),
(2⊗ 1o)⊕ (1⊗ 1o)⊕ (1¯⊗ 1o)⊕ (2⊗ 3o)⊕ (1⊗ 3o)⊕ (1¯⊗ 3o), (36)
turns out to exactly describe the particle content of the Standard Model; lL, νR,
eR, qL, uR and dR respectively (c.f. Table 1). From the noncommutative point of
view having a right-handed neutrino is a desirable feature [23] (see also Section
2.3.1). If we want to introduce a real structure JF we also need 1 ⊗ 2o, etc. (de-
scribing the antiparticles). We can construct a grading γF that distinguishes left-
from right-handed particles and that anticommutes with the real structure. This
makes the KO-dimension of the finite spectral triple equal to 6 and consequently
that of the almost-commutative geometry equal to 2. This makes it possible to re-
duce the fermionic degrees of freedom [23, §4.4.1]. This Hilbert space describes
only one generation of particles so we need to take three copies (or generations)
of it.
We can check that not only SU(AF ) (from (47)) equals the gauge group of the
Standard Model SU(3)×SU(2)×U(1) (modulo a finite group) but also that the
resulting hypercharges of the representations match those of the particles of the
Standard Model (Table 1).
Then there is the Dirac operator DF for the finite spectral triple. Employing
all the demands on the Dirac operator (self-adjointness, anticommutativity (22)
with γ, (anti)commutativity (23) with J and the condition (25)), this actually
leaves not that much freedom for it. Requiring in addition that the photon re-
mains massless by demanding that
[DF , (λ, diag(λ, λ¯), 0)] = 0 ∀ (λ, diag(λ, λ¯), 0) ∈ AF , λ ∈ C (37)
17This corresponds to the fields to vanish at infinity.
18To be explicit, the element (λ, q,m) ∈ AF acts on —say— 2 ⊗ 3o 3 v ⊗ w¯ as qv ⊗ w¯m =
qv ⊗m∗w.
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results in a Dirac operator whose non-zero components are fully determined [23,
§2.6] by 3×3-matrices Υν ,Υe,Υu,Υd and a symmetric 3×3-matrix ΥR, that mix
generations. The Υν,e,u,d map between the representations in HF that describe
the left- and right-handed (anti)leptons and (anti)quarks and are interpreted as
the fermion mass mixing matrices. The component ΥR maps between the repre-
sentations that describe the right-handed neutrinos and their antiparticles and
serves as a Majorana mass matrix.
A second step is to calculate the inner fluctuations of both Dirac operators. For
/∂M , the inner fluctuations acting on 1 and 1 are both seen to describe the same
U(1) gauge field. To also let the quarks interact with this field in the way they do
in the SM, an additional constraint is imposed. This constraint asserts that the
total inner fluctuations be traceless:
trHF Aµ = 0. (38)
This is called the unimodularity condition [32, 1].19 In addition it reduces the de-
grees of freedom of the gauge bosons to the right number. After applying this
condition, the inner fluctuations of /∂M turn out to exactly describe the gauge
bosons of the Standard Model; the hypercharge field Bµ, the weak-force bosons
~Wµ and gluons gµ. The inner fluctuations of DF on the other hand are seen to
describe a scalar field that —via the action— interacts with a left-handed and a
right-handed lepton or quark: it is the famous Higgs field [23, §3.5]. Since the
finite part of the right-handed neutrinos is in 1 ⊗ 1o ' C, the component ΥR
that describes their Majorana masses does not generate a field via the inner fluc-
tuations (30).
If we calculate the spectral action for this spectral triple [23, §3.7], not only do we
get the action of the full Standard Model but again the Einstein-Hilbert action of
General Relativity too. Various coefficients of terms in the action are determined
by variables that are characteristic for NCG (e.g. the moments fn, Λ, etc.). This
gives rise to relations between SM-parameters that are not present in the Stan-
dard Model. For example, if we normalize the kinetic terms of the gauge bosons
we automatically find the relation
g23 = g
2
2 =
5
3
g21 (39)
between the coupling constants of the strong, weak and hypercharge forces re-
spectively [23, §4.2]. This relation suggests that the interpretation of the so far
19Note that this is not the same as demanding that trF (Aµ + JA∗µJ∗) = 0.
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unknown value of Λ is that of the energy scale at which our theory ‘lives’ and
at which the three forces (electromagnetic, weak and strong) are of the same
strength. Looking at Figure 5, this corresponds to the order of 1013 − 1017 GeV.
There is also an additional relation
λ = 4g22
b
a2
, b = tr[(Υν
∗Υν)
2 + (Υe
∗Υe)
2 + 3(Υu
∗Υu)
2 + 3(Υd
∗Υd)
2],
a = tr(Υν
∗Υ +ν Υe
∗Υe + 3Υu
∗Υu + 3Υd
∗Υd)
for the coefficient of the Higgs boson self-coupling, as in (11). Using the value
we find for g22 from Figure 5 and approximating the coefficients a, b we can infer
[23, §5.2] that λ(Λ) ≈ 0.356. Inserting this boundary condition into the renormal-
ization group equation for λ we obtain a value for the Higgs boson mass at the
electroweak scale in the order of 170 GeV.20 In addition, this scheme allows a
retrodiction of the top quark mass. It is found to be . 180 GeV [23, §5.4].
This would be a perfect end to the story, if it was not for two things. First of all,
the observed Higgs mass (125.9 ± 0.4 GeV/c2 [44]) is distinctly different from
the above mass range. Second, though we pretended that the three forces are
of equal strength at one specific energy-scale Λ, we know from experiment that
—at least for the SM— they are in fact not completely, see Figure 5. Nonetheless,
the fact that NCG allows you to come up with a robust prediction of the Higgs
mass in the first place (and that this prediction depends on the particle content,
as illustrated by [22]) is a promising sign of NCG saying something about reality.
1.3.4 Finite spectral triples and Krajewski diagrams
Since we will be using real finite spectral triples (cf. Examples 7 and 9) exten-
sively later on, we cover them in more detail. They are characterized by the
following properties:
 The finite-dimensional algebra is (by Wedderburn’s Theorem) a direct sum
of matrix algebras:
AF =
K⊕
i
MNi(Fi) Fi = R,C,H. (40)
20In [41] a more detailed analysis is conducted. There the results for the Higgs mass are between
167 and 176 GeV [41, §8.2.3].
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Figure 5: The three (inverse) ’coupling constants’ α1 = 53g
2
1/4pi, α2 = g22/4pi and α3 =
g23/4pi as a function of the energy. At high energy they are seen to nearly meet
in one point. The figure is taken from [66].
 The finite Hilbert space is an ACF -bimodule, where ACF is the complexifica-
tion of AF . More specifically, it is a direct sum of tensor products of irre-
ducible representations Ni ≡ CNi of MNi(Fi), for Fi = C,R and21 a contra-
gredient representation Noj . The latter can be identified with the dual of Nj
(by using the canonical inner product on the latter). ThusHF is generically
of the form
HF =
⊕
i≤j≤K
(
Ni ⊗Noj
)⊕MNiNj ⊕ (Nj ⊗Noi )⊕MNjNi . (41)
The non-negative integers MNiNj denote the multiplicity of the representa-
tion Ni⊗Noj . When various multiplicities all have one particular value M ,
we speak of (M ) generations that are part of a family.
 The right AF -module structure is implemented by a real structure
JF : Ni ⊗Noj → Nj ⊗Noi (42)
21For the case Fi = H, the irreducible representation of MNi (Fi)
C is C2Ni .
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that takes the adjoint: JF (η ⊗ ζ¯) = ζ ⊗ η¯, for η ∈ Ni and ζ ∈ Nj . To be
explicit: let a := (a1, . . . , aK) ∈ AF and η ⊗ ζ¯ ∈ Ni ⊗Noj , then
ao := JFa
∗J∗F (η ⊗ ζ¯) = JFa∗ζ ⊗ η¯ = JF (a∗jζ ⊗ η¯) = η ⊗ a∗jζ ≡ η ⊗ ζ¯aj .
(43)
From this it is clear that (24) entails the compatibility of the left and right
action. For the Hilbert space the existence of a real structure (42) implies
that MNiNj = MNjNi .
 For each component of the algebra for which Fi = Cwe will a priori allow
both the (complex) linear representation Ni and the anti-linear representa-
tion Ni, given by:
pi(m)v := mv, m ∈MNi(C), v ∈ CNi .
 The finite Dirac operator DF consists of components
D klij : Nk ⊗Nol → Ni ⊗Noj . (44)
The first order condition (25) implies that any component is either left-
or right-linear with respect to the algebra [67]. This means that i = k or
j = l.22 In both cases it is parametrized by a matrix; in the first case it
constitutes of right multiplication with some ηlj ∈ Nl ⊗Noj , in the second
case of left multiplication with some ηik ∈ Ni ⊗Nok.
There exists a very useful graphical representation for finite spectral triples,
called Krajewski diagrams [67]. Such a diagram consists of a two-dimensional
grid, labeled by the various Ni and Noi , representing (the irreducible representa-
tions of) the algebra. Any representation Ni ⊗Noj that occurs inHF then can be
represented as a vertex on the point (i, j) in this grid. If the finite spectral triple
is even, each such representation has a value ± for the grading γF . We repre-
sent it by putting the sign in the corresponding vertex. For real spectral triples,
a diagram has to be symmetric with respect to reflection around the diagonal
from the upper left to the lower right corner. This is due to the role of JF . The re-
flection of a particular vertex has the same or an opposite value for the grading,
depending on whether JF commutes or anticommutes with γF .
We can represent the component D klij of the Dirac operator in a Krajewski dia-
gram by an edge from (k, l) to (i, j). Since the Dirac operator is self-adjoint, this
22An exception to this rule is when one component of the algebra acts in the same way on more
than one different representations inHF .
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means that there is also an edge from (i, j) to (k, l) and since it (anti)commutes
with JF , this means that there must also be an edge from (l, k) to (j, i). From
the first order condition it follows [67] that these lines can only be horizontal or
vertical. We provide a particularly simple example of a Krajewski diagram in
Figure 6, in which there are two vertices (and their conjugates) between which
there is an edge.
Ni
Noi
Nk
Nok
Nj
Noj
← D kiji
D ikij
... ...
...
...
...
...
→
Figure 6: An example of a Krajewski diagram. Each circle in the grid stands for a repre-
sentation in HF . A solid line represents a component of the Dirac operator. As
can be seen from the signs, {JF , γF } = 0 here.
Both as an example of the power of Krajewski diagrams and for future reference
Figure 7 shows the diagram that fully determines (the internal structure of) the
Standard Model (c.f. Section 1.3.3). On each point there are in fact three vertices,
corresponding to the three generations of particles. The finite Dirac operator was
seen to be parametrized by the fermion mass mixing matrices Υν,e,u,d ∈ M3(C).
Their inner fluctuations generate scalars that are interpreted as the Higgs boson
doublet (solid lines), connecting the left- and right-handed representations. Fur-
thermore we have the possibility of adding a Majorana mass ΥR for the right
handed neutrino (dotted line). Note that there are in principle extra components
of DF possible (e.g. from 1¯ ⊗ 1o to 3 ⊗ 1o) but they are all forbidden by the
additional demand (37).
The important result of [67] is that all properties of a finite spectral triple can
be read off from a Krajewski diagram. Although Krajewski diagrams were thus
developed as a tool to characterize or classify finite spectral triples, they have
turned out to have an applicability beyond that, e.g. [79]. Here, we will use them
also to determine the value of the trace of the second and fourth powers of the fi-
nite Dirac operator DF (or Φ, including its fluctuations), appearing in the action
functional (49). We notice [67, §5.4] that
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11 2 3
1
o
2o
1o
3o
dR qLuR
νR eR lL(
0
Υe
)o
(
Υν
0
)o
(
0
Υd
)o
(
Υu
0
)o
Figure 7: The Krajewski diagram representing the Standard Model. The color of the edges
denotes its parametrization. The 0 components follow from (37).
 all contributions to the trace of the nth power of DF are given by continu-
ous, closed paths that are comprised of n edges in the Krajewski diagram.
 such paths can go back and forth along an edge.
 a step in the horizontal direction corresponds to a component D klij of DF
acting on the left of the bimoduleHF , whereas a vertical step corresponds
to a componentD klij acting on the right via J(D
kl
ij )
∗J∗. Due to the tensor
product structure, the trace that corresponds to a certain closed path is
therefore the product of the horizontal and vertical contributions.
 if a closed path extends in only one direction, this means that the operator
acts trivially on either the right or the left of the representation Ni ⊗ Noj
at which the path started. The trace then yields an extra factor Ni or Nj ,
depending on the direction of the path.
As an example we have depicted in Figure 8 all possible contributions to the
trace of the fourth power of a DF . This is the highest power that we shall en-
counter, as we are interested in the action (49). We introduce the notation |X|2 :=
trN X
∗X , for X∗X ∈ MN (C). As an illustration of the factors appearing; in the
second case a path can start at any of the three vertices, but when it starts in the
middle one, it can either go first to the left or to the right. In addition, for a real
spectral triple, each path appears in the same way in both directions, giving an
extra factor 2. This last argument does not hold for the last case when k = i and
l = j, however.
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Ni Nj Nk Nl
Nok
Nol
Nom
Nok
Nok
Nol
Nol
4Nl|D jlil D kljl |2
2Nk|D ikjk |4
4Nm trNi(D
jm
im D
km
jm D
lm
km D
im
lm + h.c.)
4 trNi⊗Nok D
jk
ik D
jl
jk D
jk
jl D
ik
jk =
4|D jkik |2|D jljk |2
4 trNi⊗Nok(D
jk
ik D
jl
jk D
il
jl D
ik
il + h.c.) =
4 trNi(D
jk
ik D
il
jl ) · trNk(D jljk D ikil ) + h.c.
Figure 8: All types of paths contributing to the fourth power of a finite Dirac operator.
The last two only occur when it is part of a real spectral triple.
A component D kjij of the finite Dirac operator will develop inner fluctuations
(30) that are of the form
D kjij → D kjij +
∑
n
an[D
kj
ij , bn]
= D kjij +
∑
n
(an)i(D
kj
ij (bn)k − (bn)iD kjij ), an, bn ∈ A, (45)
where (an)i denotes the ith component of the algebra element an. It describes
a scalar Φik in the representation Ni ⊗ Nok. In the expansion (35) of the action
for an almost commutative geometry (Appendix A.2) the kinetic terms for the
components of Φ appear via
{/∂A, γ5 ⊗ Φ} = iγµγ5[(∂A)µ, idL2(S)⊗Φ]
cf. (219). We determine it for a component D kjij of Φ in particular by applying
it to an element ζkj ∈ L2(M,S ⊗Nk ⊗Noj) and find that
[(∂A)µ, D
kj
ij ]ζkj = (∂µ + ωµ)(Φikζkj)− igiAiµΦikζkj + igjΦikζkjAjµ
− Φik(∂µ + ωµ)(ζkj) + igkΦikAkµζkj − igjΦikζkjAjµ
=
(
∂µ(Φik)− igiAiµΦik + igkΦikAkµ
)
ζkj
≡ Dµ(Φik)ζkj , (46)
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where we have introduced the covariant derivative Dµ from which the operator
ωµ has dropped out completely. We have preliminarily introduced coupling con-
stants gi,k ∈ R and wrote Aµ = −igiAiµ + igkAokµ (with Aiµ, Akµ Hermitian) to
connect with the physics notation.
The gauge group that is associated to an algebra of the form (40) is given by
SU(AF ) := {u ≡ (u1, . . . , uK) ∈ U(AF ),detHF (u) = 1}, (47)
where U(AF ) was defined in (28) and with detHF (u) we mean the determinant
of the entire representation of u on HF . Applying U = uJuJ∗ to an element
ψij ∈ Ni ⊗Noj ⊂ HF and typical component D kjij of the finite Dirac operator
yields
ψij → uJuJ∗ψij = uiψiju∗j (48a)
cf. (28) and
D kjij → uJuJ∗D kjij u∗Ju∗J∗ = uiu∗oj D kjij u∗kuoj = uiD kjij u∗k, (48b)
respectively.
For future reference we give the spectral action (the second term of (34)) in the
heat kernel expansion (Appendix A.2) for a general almost-commutative geom-
etry on a 4-dimensional Riemannian spin-manifold without boundary:
tr f
(
DA
Λ
)
∼
∫
M
[
f(0)
8pi2
(
− 1
3
trF FµνFµν + trF Φ4 + trF [Dµ,Φ]2 − R
6
trF Φ
2
+
1
720
(5R2 − 8RµνRµν + 7RµνσλRµνσλ)N (F )
)
(49)
− Λ
2
2pi2
f2
(
trF Φ
2 − 1
12
N (F )R
)
+
Λ4
2pi2
f4N (F )
]
+O(Λ−2),
where trF denotes the trace over the finite Hilbert space, N (F ) = dim(HF ) and
Fµν is the (skew-Hermitian) curvature (or field strength) of Aµ, i.e.
Fµν = [∂µ + Aµ, ∂ν + Aν ], (50)
while the Riemann tensor Rµνλσ is that of the Levi-Civita connection. For a flat
manifold M in particular, the spectral action (49) reduces to
tr f
(
DA
Λ
)
∼
∫
M
[
f(0)
8pi2
(
− 1
3
trF FµνFµν + trF Φ4 + trF [Dµ,Φ]2
)
− Λ
2
2pi2
f2 trF Φ
2 +
Λ4
2pi2
f4N (F )
]
+O(Λ−2). (51)
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We have now covered the most important ingredients for particle physics using
almost-commutative geometries. We proceed by motivating the choice to search
for supersymmetric theories that arise from noncommutative geometry.
1.4 M O T I VAT I O N
The Standard Model is a tremendously successful theory, but one that at some
point will meet its bounds (§1.1.2). We are therefore in need of a new theory,
respecting the various constraints from both experiment and theory, from which
the SM emerges as a low energy limit.
From the NCG point of view the SM can be beautifully derived from geometri-
cal principles. On top of that the Higgs mass could be predicted, but its value
turned out to be off (§1.3.3). At the same time any prediction of this sort depends
on the contents of the spectral triple (e.g. [22]). Application of noncommutative
geometry thus gives us new ways to understand the structure of gauge theo-
ries in general and the SM in particular. The question is whether it in addition
can teach us more about reality —via the correct prediction or retrodiction of a
mass (spectrum)— than QFT does. In particular, the hope is that there is a the-
ory that can be considered an extension of the NCSM and that, on top of being
phenomenologically viable, yields a sufficiently lower value for the Higgs mass.
As a guiding principle to such extensions we will in Chapter 2 single out a par-
ticular set of constraints from physics and look for extensions satisfying them.
The MSSM (§1.2.1) is a particularly prominent example of physics beyond the
Standard Model. Although the question whether supersymmetry is a real sym-
metry of nature is still open, the merits of the MSSM and models akin alone
make them worthwhile to analyze in full detail.
This is the main motivation to search for a theory from noncommutative geometry that
describes the MSSM (or something alike), which is the main subject of this PhD thesis.
To this aim, we will first study the more general question if the action (34) that
stems from NCG can exhibit supersymmetry.23 We do this in Chapter 3. If one
is after phenomenologically viable theories of supersymmetry, the question on
how to break it again is an unavoidable one. We therefore turn to this matter
in Chapter 4. Finally, we apply the framework developed in Chapter 3 to the
23In a sense the subject fits seamlessly into a broader programme that is out to understand what
NCG and its action functional in particular have in store for us.
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almost-commutative geometry that is to give the MSSM in this context in Chap-
ter 5.
Previous attempts to reconcile supersymmetry with noncommutative geometry
have been made, see e.g. [58, 59, 65], but have not led to conclusive answers. We
distinguish ourselves from these approaches in the following ways:
 We try to stay as close as possible to the framework of NCG/the NCSM,
not digressing into superspace and superfields and the likes.
 All attempts were made prior to the introduction of the spectral action (34).
Since the latter has proven itself so well in obtaining the Standard Model and
since the (predictive) power of the noncommutative method relies heavily on it,
we choose it to be our action functional and will ask ourselves in Chapter 3 “for
what noncommutative geometries is the action supersymmetric?”, or “what are
supersymmetric noncommutative geometries?”. This is in contrast to the ques-
tion “what actions are supersymmetric?” that one typically tries to answer using
the superfield formalism. Note the crucial difference here; the intimate connec-
tion between an almost-commutative geometry and its associated action forbids
us to manually add terms to the latter. We will make an exception to this for
non-physical fields; the action functional (34) is an on shell one, not providing
the auxiliary fields that are characteristic for supersymmetric theories. We stress
that this feature also entails that we have to deal with the terms ∝ Λ2, that ap-
pear to softly break any supersymmetric action. When we are talking about a
supersymmetric action we will therefore always mean the part ∝ Λ0.
One of the merits of noncommutative geometry is that it leads to particle physics
models on a curved background. Intuitively this would call for a local approach
to supersymmetry, e.g. supergravity [48, 96]. We will focus on global supersym-
metry here, taking the transformation parameters  to be constants, since we are
after the MSSM in particular.24 This requires us to restrict ourselves to a canoni-
cal spectral triple on a flat background (i.e. one on which all Christoffel symbols
and consequently the Riemann tensor vanish) from Chapter 3 onward. In this
context we will use (51), rather than (49), for the bosonic action. We will thus
sacrifice the aforementioned virtue of NCG. It would nonetheless be valuable to
extend this to a local approach.
24Besides, the calculations will already be lengthy enough for global supersymmetry.
2
G O I N G B E Y O N D T H E S TA N D A R D M O D E L 1
Before turning to the description of supersymmetric theories in noncommuta-
tive geometry, we first turn our attention to possible extensions of the Standard
Model in general. The central question of this chapter is to what extent demands
inspired by physics can help us selecting viable noncommutative theories. Con-
siderable effort has already been spent on classifying all possible models using
the demands that various mathematical and physical arguments put on non-
commutative geometries, such as [60, 61, 64, 62, 63] and also [21]. The approach
we take in this chapter is to exploit some of the more recent developments (see
[23]) to put constraints on all possible SM extensions. We will demand from any
model that
1. the gauge Lie algebra associated to the noncommutative geometry is that
of the Standard Model (§2.1);
2. the particle content contains at least one copy of each of the particles that
the Standard Model features (Table 1, §2.1);
3. the hypercharges of the particles are such that there is no chiral gauge
anomaly (§2.2.2);
4. the values of the coupling constants of the electromagnetic, weak and
strong forces are such that they satisfy the GUT-relation2 (39) (§2.2.3). Since
this relation allows one to determine a scale at which the theory ‘lives’
(c.f. Section 1.3.3), it plays a vital role in the prediction for the value of the
Higgs mass.
Together these four demands lead to a number of relations between the multi-
plicities of the particles, which can be used to constrain the number of viable
models. We recover the Standard Model (plus a right-handed neutrino in each
generation) using these relations in §2.3.1 and finally turn our attention to super-
symmetric variants (§2.3.2).
1The contents of this chapter are based on [16].
2This relation not only appears in the context of a SU(5) Grand Unified Theory, but is also a
feature of SO(10) and E6 theories [69], [24].
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We must add however, that the scope of the application of these results is much
broader than supersymmetry alone.
2.1 C O N S T R A I N T S O N T H E F I N I T E A L G E B R A
Let A be a ∗-algebra that is represented on a Hilbert space H. Corresponding to
the pair (A,H) we have defined its gauge group in (47).
Lemma 12. Suppose thatA is such that su(A) ' su(3)⊕ su(2)⊕u(1). ThenAmust
be in the following list:
1. M3(C)⊕H⊕M2(R),
2. M3(C)⊕M3(R)⊕M2(R),
3. M3(C)⊕H⊕ C,
4. M3(C)⊕M2(C) or
5. M3(C)⊕M3(R)⊕ C,
modulo extra summands R.
Proof. Let A be of the form (40), represented on a Hilbert space H of the form
(41). We define two Lie algebras
u(A) = {X ∈ A : X∗ = −X},
su(A) = {X ∈ u(A) : trHX = 0} (52)
Note that thus u(A) is a direct sum of simple Lie algebras o(Ni), u(Ni), sp(Ni)
according to Fi = R,C,H, respectively. All these matrix Lie algebras have a
trace, and we observe that those of the matrices in o(Ni) and sp(Ni) are already
zero. For the complex case, we can write Xi ∈ u(Ni) as Xi = Yi + zi where
zi = trXi, showing that:
u(Ni) = su(Ni)⊕ u(1).
The unimodularity condition trHX = 0 translates to∑
i
αi tr(Xi) = 0
2.1 C O N S T R A I N T S O N T H E F I N I T E A L G E B R A 39
where αi are the multiplicities of the fundamental representations of MNi(Fi)
appearing in H. Using the above property for the traces on simple matrix Lie
algebras, we find that unimodularity is equivalent to
C∑
l=1
αilzil = 0,
where the sum is over the complex factors inA, i.e. over the indices il ∈ {1, . . . ,K}
(with K defined in (40)) for which Fil = C. Since the number of u(1)-factors de-
creases by one as a result of the condition in (52), we conclude that
su(A) '
K⊕
i=1
su(Ni)⊕ u(1)⊕(C−1),
where su(Ni) generically denotes o(Ni), su(Ni) or sp(Ni) depending on whether
Fi = R,C or H, respectively.
In order to get su(A) ' u(1) ⊕ su(2) ⊕ su(3), we either need that C = 1 (with
the u(1) ' so(2) coming from M2(R)) or C = 2. In the first case su(2) must come
from either u(H) or from u(M3(R)) = o(3), using so(3) ' su(2), i.e.
 N1 = 3C, N2 = 1H, N3 = 2R or
 N1 = 3C, N2 = 3R, N3 = 2R.
In the second case we have the following options:
 N1 = 3C, N2 = 1H, N3 = 1C,
 N1 = 3C, N2 = 2C or
 N1 = 3C, N2 = 3R, N3 = 1C.
Modulo extra summands R these are the five options for the algebra A.
If the Hilbert space is to contain at least one copy of all the SM representations,
then the algebra should allow for at least one-, two- and three-dimensional rep-
resentations. Only the third of these options satisfies this demand3.
3Although the possible extra summands R do provide singlets too, the corresponding particles
would lack any gauge interactions and are thus unsuitable.
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2.2 C O N S T R A I N T S O N T H E F I N I T E H I L B E RT S PA C E
2.2.1 Gauge group
The gauge group of the Standard Model is known (see e.g. [5, §3.1]) to be
GSM = U(1)× SU(2)× SU(3)/Z6, (53)
where the finite abelian subgroup Z6 stems from the fact that certain elements
of U(1)× SU(2)× SU(3) act trivially on the Standard Model fermions.
In the previous paragraph we have demanded that extensions of the SM Hilbert
space still have a similar gauge group as that of the SM. Let us explicate this a
bit. If we write u = (u1, . . . , uM ) for a generic element of U(A), then the demand
detH(u) = 1 —that is part of the definition of SU(A)— applied to the Hilbert
space of (41) translates to
detH(u) =
K∏
i≤j
detNi(ui)
MNiNjNj detNj (uj)
MNjNiNi = 1. (54)
Applying this to the algebra of the SM —C ⊕ H ⊕M3(C) and correspondingly
U(A) = U(1) × SU(2) × U(3) 3 u = (λ, q,m)— we have five possibilities for
the representations: Ni = 1,1,2, 3 and 3 on which the determinant equals
λ, λ−1, 1,detm and (detm)−1 respectively. The relation (54) then becomes
detH(u) = λa det(m)b = 1,
where
a = 2M11 − 2M1¯1¯ + 2(M12 −M1¯2) + 3(M13 +M13¯ −M1¯3 −M1¯3¯), (55a)
b = M31 +M31¯ −M3¯1 −M3¯1¯ + 2(M32 −M3¯2) + 6(M33 −M3¯3¯). (55b)
Here we have used that MNiNj = MNjNi for the multiplicities of a real spectral
triple. The multiplicity M11¯ does not enter in the expression for a above, for it
actually appears twice but with opposite sign.
Lemma 13. If a divides b then we have for the gauge group
SU(A) ' (U(1)× SU(3)) /Z3 × SU(2)× Za.
Proof. We show this in two steps:
SU(A) ' G× SU(2)× SU(3)/Z3, (I)
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where G =
{
(λ, µ) ∈ U(1)× U(1) : λaµ3b = 1}, containing Z3 as the subgroup
{e} × Z3, and
G ' Za × U(1). (II)
For (I), consider the following map
(λ, µ, q,m) ∈ G× SU(2)× SU(3) 7→ (λ, q, µm) ∈ SU(A).
We claim that this map is surjective and has kernel Z3. If (λ, q,m) ∈ SU(A) then
there exists a µ ∈ U(1) such that µ3 = detm ∈ U(1). Since λaµ3b = λa detmb = 1
the element (λ, µ, q,m) lies in the preimage of (λ, q,m). The kernel of the above
map consists of pairs (λ, µ, q,m) ∈ G × SU(2) × SU(3) such that λ = 1, q = 1
and m = µ−113. Since m ∈ SU(3) this µ satisfies µ3 = 1. So we have established
(I).
For II we show that the following sequence is split-exact:
1→ U(1)→ G→ Za → 1,
where the group homomorphisms are given by λ ∈ U(1) 7→ (λ3b/a, λ−1) ∈ G
and (λ, µ) ∈ G→ λµ3b/a ∈ Za. Exactness can be easily checked, and the splitting
map is given by λ ∈ Za → (λ, 1) ∈ G. In this abelian case, the corresponding
action of Za onU(1) is trivial so that the resulting semidirect productG ' U(1)o
Za ' U(1)× Za.
Remark 14. In the case that we only allow for representations that already enter in the
νSM (i.e. 1,1,2 and 3), a and b are given by:
a = 2M11 − 2M1¯1¯ + 2(M12 −M1¯2) + 3(M13 −M1¯3), (56a)
b = M31 +M31¯ + 2M32 + 6M33. (56b)
The Standard Model itself (see also §2.3.1) is given by M11 = M11¯ = M12 = M13 =
M1¯3 = M23 = 3 (for three families), Mij = Mji and all other multiplicities zero. In
this case, a = b = 12 so that the above Lemma yields SU(A) ' SU(2) × (U(1) ×
SU(3))/Z3 × Z12 in concordance with what was found in [23, Prop. 2.16]. The repre-
sentation of SU(A) onH is as u 7→ uJuJ−1, and the kernel of this representation is Z2
[42, Prop. 6.3]. In turn, we find that SU(A)/Z2 ' GSM × Z12.
Note that from the definition of SU(A) we can determine the hypercharges of
the particles from the U(1) factor of SU(A) (cf. [23, Prop. 2.16]):
{(λ, 1, λ−a/3b13), λ ∈ C, |λ| = 1} ⊂ SU(A), (57)
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Representation M Hypercharge SM-particles
1⊗ 1o 3 1− 1 = 0 right-handed neutrino
1¯⊗ 1o 3 −1− 1 = −2 right-handed electron
2⊗ 1o 3 −1 left-handed leptons
1⊗ 3o 3 1 + 1/3 = 4/3 right up-type quarks
1¯⊗ 3o 3 −1 + 1/3 = −2/3 right down-type quarks
2⊗ 3o 3 1/3 left-handed quarks
Table 6: Hypercharges as derived from the finite spectral triple describing the Standard
Model. The second column denotes the multiplicity M .
where the value of a/b must be determined via additional constraints.4 The cor-
responding hypercharge generator Y = (1, 0,− a3b13) then acts on HF as −i(Y ⊗
1−1⊗Y o). The hypercharges for the example of the Standard Model then come
out right, as illustrated in Table 6.
2.2.2 Anomalies and anomaly cancellation
In short, a quantum anomaly is said to arise when a certain local (gauge) symme-
try of a classical theory gets broken upon quantization. Here, we focus attention
on the non-abelian chiral gauge anomaly: even if the action is invariant under the
transformation H 3 ζ → exp(γ5T )ζ (with T anti-Hermitian), the path integral
corresponding to this action might not be. The demand of having an anomaly
free theory (i.e. a theory that can be quantized, while preserving its gauge sym-
metries) can be cast in an expression that depends on the fermionic content of
the theory. We will use it to put constraints on the particle content described by
the spectral triple.
In what follows, we assume a finite Hilbert space of the formHF = HL ⊕HR ⊕
HoL ⊕ HoR (containing the left- and right-handed particles and antiparticles re-
spectively) and KO-dimension 6 (i.e. γF anti-commutes with JF ) implying that
a generic element ζ ∈ H+ —the physical Hilbert space— is of the form
ζ = ξL ⊗ eL + ξR ⊗ eR + ηR ⊗ e¯L + ηL ⊗ e¯R. (58)
4Note however, that these hypercharges are determined up to an overall factor.
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Furthermore we take the finite Dirac operator DF to be zero.5 T a will denote a
fixed generator of the gauge Lie algebra su(AF ), i.e. (T a)∗ = T a.
Lemma 15. Let ζ ∈ H+ and let α : M → R be a real function, then the non-abelian
chiral gauge transformation
ζ → UJζ, with UJ := exp(αγTa), Ta = −i[pi(T a)− Jpi(T a)∗J∗] (59)
is an on-shell symmetry of the fermionic action in (34).
Proof. We only have to consider the fermionic part of (34), since the gauge fields
do not transform. For UJ as in (59) with γ = γ5 ⊗ γF one can easily prove that
JUJ = U
∗
JJ and UJγ
µ = γµU∗J ,
by using that left and right actions of the algebra on the Hilbert space must
commute and that {γ5, γµ} = {J, γF } = 0. Then for the inner product we have,
upon transforming ζ:
1
2
〈JUJζ,DAUJζ〉 = 1
2
〈Jζ, iγµU∗J (∇Sµ + Aµ)UJζ〉
=
1
2
〈Jζ, /∂Mζ〉+
1
2
〈Jζ, i∂µ(α)γµγ Taζ〉
+
1
2
〈Jζ, iγµ exp[−αγ adTa]Aµζ〉,
where we have used the identity exp(A)B exp(−A) = exp(adA)B for complex
n× n matrices A and B. If we expand the exponential in the last term of the pre-
vious expression, and use partial integration for the second term, this becomes
1
2
〈Jζ,DAζ〉 − 1
2
∫
M
α∂µ
[
(Jζ, iγµγTaζ)
√
g
]
d4x
− 1
2
〈Jζ, iαγµγ[Ta,Aµ]ζ〉+O(α2).
Writing Aµ = Aµ bTb with Aµ,b real (cf. (46) and the text below it), and using
[Ta,Tb] = ad[−iT a,−iT b] = −ifabc ad(T c) = fabcTc
this implies
1
2
〈JUJζ,DAUJζ〉 = 1
2
〈Jζ,DAζ〉 − 1
2
∫
M
α(Daµ cj
µ c)d4x+O(α2)
5This corresponds to having massless fermions, which is crucial when considering the chiral
gauge anomaly.
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where
Daµ c = ∂µδ
a
c + f
ab
cAµ b, j
µa = (Jζ, iγµγTaζ)
√
g.
On the other hand we have the following:
∂µj
µa = [(J∇Sµζ, iγµγTaζ) + (Jζ, i∇SµγµγTaζ)]
√
g + (Jζ, iγµγTaζ)∂µ
√
g,
where we have used that the spin-connection is Hermitian and commutes with
J . Using that for the tensor density
√
g we have ∂µ
√
g = Γλλµ
√
g (e.g. [75, §21.2])
and that for the spin-connection [∇Sµ , γµ] = −Γµµλγλ this yields
∂µj
µa = (J∇Sµζ, iγµγTaζ)
√
g + (Jζ, iγµγTa∇Sµζ)
√
g.
Employing the Dirac equation for ζ and the skew-adjointness of Aµ this gives
∂µj
µa = −(Jζ, iγµγ[Ta,Aµ]ζ)√g.
i.e. Daµ cjµ c = 0, establishing the result.
In order to progress, we need to go a bit more into detail. For a representation
Ni⊗Noj of a given pair (i, j), i ≤ j, the representation pi(T a) can be decomposed
as piL(T a)+piR(T a), where one of the two is trivial depending on the chirality of
Ni⊗Noj . The representation on the conjugate of Ni⊗Noj is denoted by p¯iL(T a)+
p¯iR(T
a). Hence we write for the full representation pi(T a) on Ni⊗Noj ⊕Nj ⊗Noi :
pi(T a) = piL(T
a) + piR(T
a) + p¯iL(T
a) + p¯iR(T
a). (60)
Example 16. For the case HF = 2L ⊗ 3o ⊕ 3 ⊗ 2oL and T a = τa, the Gell-Mann
matrices, we have
piR(τ
a) = p¯iR(τ
a) = piL(τ
a) = 0, p¯iL(τ
a) = τa.
For the case HF = 1R ⊗ 3o ⊕ 3 ⊗ 1oR and T a ≡ Y = (1, 0,− a3b13), the hypercharge
generator, we have
piR(Y ) = 1, p¯iR(Y ) = − a
3b
13, piL(λ) = p¯iL(λ) = 0.
Since 〈Jξ,DAξ〉 defines an anti-symmetric bilinear form [23, Prop. 4.1] we can
also write the chiral gauge transformation in terms of the component spinors
(58), reading:
1
2
〈JUJζ,DAUJζ〉 = 〈JM (Uo)∗η,DAUξ〉
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i.e. under the transformation (59) we have
ξ 7→ exp(−iαγ diag{piL − p¯ioL, piR − p¯ioR}(T a))ξ ≡ Uξ, η 7→ (U∗)oη (61)
in the notation of (60).
Now considering the path integral∫
DηDξDAµ exp(S[η, ξ,Aµ]), (62)
(where in a Euclidean set up the fields ξ and η should be considered as indepen-
dent) there is a second effect from transforming the fermionic fields (61), which
is from the transformation of its measure. The following derivation is primarily
based on [94, §22.2], [10, §5.6] and [77, §13.2]. We first consider the effect of that
transformation on the Dirac spinor ξ = (ξL, ξR) with finite component. Let
ξ =
∑
I
aIψI
be its decomposition into the eigenfunctions of DA. Here I is a generic index
describing both continuous and finite indices: if, for example, the particle sector
ofHF would equal (N⊗Mo)L ⊕ (K⊗ Lo)R then∑
I
aIψI ≡
∑
j
(∑
n,m
ajnmψjL ⊗ en ⊗ e¯m +
∑
k,l
ajklψjR ⊗ ek ⊗ e¯l
)
,
ajnm = 〈ψjL ⊗ en ⊗ e¯m, ξ〉,
where ψjL,R is a left-/right-handed eigenspinor of /∂M and {en ⊗ e¯m, 1 ≤ n ≤
N, 1 ≤ m ≤ M} denotes the basis of the left-handed finite part. Then the trans-
formation
ξ 7→ ξ′ := Uξ
sets ξ′ =
∑
I a
′
IψI with a
′
I =
∑
J CIJaJ where
CIJ = δIJ + 〈ψI ,−iαγ diag{(piL − p¯ioL)(T a), (piR − p¯ioR)(T a)}ψJ〉+O(α2).
The effect of the transformation on the measure Dξ in (62) is then
Dξ → det(C)−1Dξ,
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and similarly for η. Writing X := −idiag{(piL − p¯ioL)(T a), (piR − p¯ioR)(T a)}, and
calculating the determinant by using detA = exp tr lnA gives
det(CIJ) = exp tr ln(δIJ + 〈ψI , αγXψJ〉+O(α2))
≈ exp tr〈ψI , αγXψJ〉
= exp
∑
I
〈ψI , αγXψI〉,
where in going from the first to the second line we have used that ln(1 + z) =
z + O(z2), and that α is infinitesimal. The anomaly corresponding to the trans-
formation of ξ is thus
exp(−Aξ), Aξ =
∫
M
αAξ(x)
√
gd4x, Aξ(x) =
∑
I
(ψI , γ XψI).
Even though this is an ill-defined quantity, we can make sense of it using the
following regularization scheme:∑
I
〈ψI , αγ XψI〉 := lim
Λ→∞
∑
I
〈ψI , αγ Xh(λ2I/Λ2)ψI〉
where h can be any function that satisfies h(0) = 1 and limx→∞ h(x) = 0, and λI
is the eigenvalue of DA with eigenvector ψI :
Aξ = lim
Λ→∞
∑
I
〈ψI , αγ Xh(D2A/Λ2)ψI〉
= lim
Λ→∞
∫
M
trHf [αγ Xh(D
2
A/Λ
2)]
√
gd4x,
where with Hf = L2(M,S)L ⊗ HL ⊕ L2(M,S)R ⊗ HR we mean the particle
sector of the total Hilbert space H, as opposed to the anti-particle sector Hf¯ =
L2(M,S)R ⊗ HoL ⊕ L2(M,S)L ⊗ HoR. Using a heat kernel expansion (218) this
expression equals
Aξ = lim
Λ→∞
∫
M
trHf αγ X
[
2h4Λ
2e0(x,D
2
A) + 2h2Λ
2e2(x,D
2
A)
+ h(0)e4(x,D
2
A) +O(Λ−2)
]√
gd4x. (63)
In an analogous fashion we can determine the anomaly that is caused by the
spinor η, yielding
Aη = − lim
Λ→∞
∫
M
trHf¯ αγ X
o
[
2h4Λ
2e0(x,D
2
A) + 2h2Λ
2e2(x,D
2
A)
+ h(0)e4(x,D
2
A) +O(Λ−2)
]√
gd4x. (64)
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Then we have the following result:
Lemma 17. The total anomaly in the path integral due to (59) is given by:
A =
∫
M
αA (x)
√
gd4x
with
A (x) =
i
32pi2
µνλσF bµνF
c
λσ
[
trHL(piL − p¯ioL)(T a){Tb,Tc} − (L→ R)
]
+
i
384pi2
bcdeRµνbcRµν de
[
trHL(piL − p¯ioL)(T a)− (L→ R)
]
. (65)
Proof. We start with (63), taking the expressions for e0,2,4(x,D2A) from (216),
where, for an almost-commutative geometry, E and Ωµν are determined by the
field strengths of the gauge fields and the Riemann tensor of M :
E =
1
4
R− 1
2
γµγνFµν , Ωµν =
1
4
Rabµνγaγb ⊗ 1 + 1⊗ Fµν ,
cf. (219) and (220), but with Φ = 0. Since tr γ5 = tr γ5γµγν = 0 we only retain,
after taking the limit in Λ,
Aξ = h(0)
∫
M
trHf αγ Xe4(x,D
2
A)
=
h(0)
(4pi)2
1
360
trHf αγ X
[
180E2 + 30ΩµνΩ
µν
]√
gd4x. (66)
In addition there are boundary terms, but since they will vanish upon integra-
tion (the manifoldM is taken without boundary), we discard them. Inserting the
expressions for E and Ωµν , performing the trace over Dirac indices and setting
h(0) = 1 this becomes
Aξ = −
∫
M
α trHL⊕HR
[
1
32pi2
µνλσγFXFµνFλσ
+
1
768pi2
bcdeRµνbcRµν deγFX
]√
gd4x,
where we have used that [102, §A5.8]
tr γ5γµγνγλγσ = −4µνλσ,
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with µνλσ the fully anti-symmetric tensor, determined by 1234 = 1. The deriva-
tion of Aη can be found using the same arguments, reading
Aη =
∫
M
α trHoL⊕HoR
[
1
32pi2
µνλσγFX
oFµνFλσ
+
1
768pi2
bcdeRµνbcRµν deγFX
o
]√
gd4x.
Adding Aξ and Aη and inserting the expression for X as defined above, using
that {γF , JF } = 0 and trHo Xo = trHX (so contributions from the particle and
antiparticle sectors add up), the total anomaly reads
A =
∫
M
αA (x)
√
gd4x, with
A (x) =
i
16pi2
µνλσ
[
trHL(piL − p¯ioL)(T a)FµνFλσ − (L→ R)
]
i
384pi2
bcdeRµνbcRµν de
[
trHL(piL − p¯ioL)(T a)− (L→ R)
]
,
where we have used that γF
∣∣
HL = −γF
∣∣
HR = 1. Writing Fµν = F
a
µνTa and
exploiting the (anti)symmetries of µνλσ and the field strength tensor Fµν we
obtain (65).
This result should hold for any generator T a of the Lie algebra su(A) of the
gauge group (cf. (52)). So, if we want the theory to be anomaly free, (65) should
be zero.
We apply this general result to the models for which the Lie algebra is su(A) =
u(1) ⊕ su(2) ⊕ su(3); the T a can separately be Y ≡ (1, 0,− a3b13), (0, σa, 0) and
(0, 0, τa), the generators of the Lie algebra of the SM. Here σa and τa denote the
Pauli and Gell-Mann matrices respectively. Since trσi = tr τa = 0, the gravita-
tional term of (65) only gets a contribution from the u(1)-part:
trHL(Y ⊗ 1− 1⊗ Y o)− trHR(Y ⊗ 1− 1⊗ Y o), Y = (1, 0,−a/3b 13),
where although Y denotes the hypercharge generator of u(1), it is Y ⊗ 1− 1⊗ Y o
that represents the actual hypercharge. For the representations that appear in
the Standard Model, this gives
2(−1)M21 + 2 · 3 a
3b
M23 − 3
(
1 +
a
3b
)
M13 − (−2)M1¯1 − 3
(
− 1 + a
3b
)
M1¯3
= −2M21 + 2a
b
M23 −
(
3 +
a
b
)
M13 + 2M1¯1 +
(
3− a
b
)
M1¯3 = 0. (67)
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Now for the non-gravitational term in (65). If we use the cyclicity of the trace,
tr(σa) = tr(τa) = 0 and trσaσb = tr τaτ b = 2δab, {σa, σb} = 2δab and {τa, τ b} =
4
3δ
ab + 2dabcτ
c, we find —when restricting to the representations that already
appear in the Standard Model— it to be equivalent to the following relations:
T a the hypercharge generator, Fµν the B-boson field:
6
(
a
3b
)3
M23 − 3
(
1 +
a
3b
)3
M13 − 3
(
− 1 + a
3b
)3
M1¯3
+2(−1)3M21 − (−2)3M1¯1 = 0, (68a)
T a the hypercharge generator, Fµν the gluon field:
2
a
b
M23 − 3
(
1 +
a
3b
)
M13 − 3
(
− 1 + a
3b
)
M1¯3 = 0, (68b)
T a the hypercharge generator, Fµν the SU(2) boson field:
−2M21 + 2a
b
M23 = 0, (68c)
T a a Gell-Mann matrix, Fµν the gluon field:
2M23 −M13 −M1¯3 = 0. (68d)
All other combinations are seen to vanish. It is evident that the demand of the
cancellation of anomalies puts rather stringent constraints on the multiplicities.
One well-known result can now be re-confirmed.
Proposition 18. The minimal Standard Model is anomaly free.
Proof. A glance back at the remark just below (56) shows that the non-zero mul-
tiplicities of the representation of AF = C⊕H⊕M3(C) inHF are M11 = M1¯1 =
M21 = M13 = M1¯3 = M23 = 3 and a = b = 12, for which the above equations
are readily seen to hold.
Two comments are in order here. In using the demand of anomaly cancellation
for validating extensions of the Standard Model, we need to know what the
value of the grading (chirality) γ is on each of the representations. However,
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there is no such thing as a canonical expression for a grading6, which in prin-
ciple limits the scope of these constraints to the particles we know the chirality
of, i.e. the SM particles. For non-SM representations we can only try both pos-
sible gradings separately. Note, secondly, that the demand for a theory to be
anomaly free is most often used for determining the hypercharges of the par-
ticles involved. Here, however, these are already determined by the constraint
concerning the gauge group, causing the role of anomaly cancellation to be dif-
ferent; it may be used to put constraints on the multiplicities of the representa-
tions.
2.2.3 GUT-relation
In the heat kernel expansion (49) of an almost-commutative geometry, the ki-
netic terms of the gauge bosons come from the term
− f(0)
24pi2
∫
M
trHF FµνFµν .
Here the trace runs over the entire (finite) Hilbert spaceHF , and Fµν is a generic
symbol denoting the field strength associated to the various gauge fields. Cal-
culating it explicitly —assuming a Hilbert space of the form (41), but for a real
spectral triple— gives
− f(0)
24pi2
trHF FµνFµν =
1
4
∑
k
Kk
nk
trNk F
k
µνF
k,µν
with the coefficients Kk given by
Kk = f(0)
3pi2
nkg
2
k
∑
i,j≥i
MNiNjc
k
ij
(
qkij
)2
. (69)
Here the index k denotes the type of gauge field and qkij = −qkji is the charge of
the representation Ni ⊗Noj associated to the gauge field Akµ. In the expression
forKk there is a factor 2 from summing over both particles and antiparticles. For
6A rather strict demand on the grading would be that of orientability [33, 67]: for a set I 3 i
there exist ai, bi ∈ A such that γ =
∑
i ai ⊗ boi . But since already the grading of the SM (with a
right-handed neutrino included) is not of this form [90], demanding it for γ would in fact be too
strict.
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the number ckij we have in the case that the only representations are 1, 1, 2 and
3:
ckij =

Ni if k = j,
Nj if k = i,
NiNj else.
Finally the factor nk stems from the normalization of the generators T ak of the
gauge group, trT ak T
b
k = nkδ
ab, and the n−1k in front of the gauge bosons’ kinetic
term anticipates the factor nk that arises when performing the trace over the
generators of the gauge group.
In the description of the SM from NCG, the three coefficients are precisely such
that upon equating them to the normalisation constant −1/4 (by setting all Kk
equal to one) in front of the kinetic term —as is customary— they automatically
satisfy the GUT-relation (39) [23, §16.1]. Now certainly in reality, with the par-
ticle content of the Standard Model alone, the coupling constants do not meet
at a single energy scale. But first of all this feature is too specific to disregard it
as a mere coincidence and secondly the entire predictive power of NCG relies
[42, §8] on it: if it has to say anything more about reality than does the conven-
tional approach to the Standard Model (or any of its extensions), we should take
this feature seriously. Furthermore much of the ‘beyond the Standard Model’ re-
search has been conducted in a setting that is characterized by coupling constant
unification. To this end we promote the property that the coupling constants satisfy the
GUT relation from a feature to a demand.7 The nature of the constants Kk is then
such that it allows one to put constraints on the Hilbert space.
In the case of the Standard Model algebra there are three different gauge fields,
since the gauge field acting on 1 is the same as the one acting on 1. The SU(2)
charge equals 1 on the representation 2 and 0 on everything else and similarly
the SU(3) charge equals 1 on the representation 3 and 0 on everything else. The
charges for the U(1) gauge field are determined by (57). The coefficients with
which a certain representation contributes to any of the three coupling constants
can be found in Table 7. If we only allow the representations that already appear
7Certainly at some point one should check that a Hilbert space that satisfies the GUT-relation is
compatible with a crossing of the coupling constants as obtained using the Renormalization Group
Equations and the very same particle content.
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K1 K2 K3 K1 K2 K3
1⊗ 1o 0 0 0 1¯⊗ 1¯o 0 0 0
1⊗ 1¯o 4 0 0 1¯⊗ 2o 2 1 0
1⊗ 2o 2 1 0 1¯⊗ 3o 3(−1 + a3b )2 0 1
1⊗ 3o 3(1 + a3b )2 0 1 1¯⊗ 3¯o 3(−1− a3b )2 0 1
1⊗ 3¯o 3(1− a2b )2 0 1
3⊗ 3o 0 0 6
2⊗ 2o 0 4 0 3⊗ 3¯o 9(− 2a3b )2 0 6
2⊗ 3o 6( a3b )2 3 2 3¯⊗ 3¯o 0 0 6
2⊗ 3¯o 6(− a3b )2 3 2
Table 7: The contributions to ckij(qkij)2 to Kk for each k = 1, 2, 3 and each of the represen-
tations Ni ⊗Noj , with Ni,Nj = 1,1,2,3, the four representations that occur in
the SM.
in the Standard Model —1,1,2,3— we get for the three different coefficients in
(69):
K1 = f(0)
12pi2
g21
[
4M11¯ + 2M12 + 2M1¯2 + 3
(
1 +
a
3b
)2
M13 + 3
(
1− a
3b
)2
M1¯3
+ 6
( a
3b
)2
M32
]
,
K2 = f(0)
3pi2
g22n2[M21 +M21¯ + 3M23 + 4M22],
K3 = f(0)
3pi2
g23n3[M31 +M31¯ + 2M32 + 6M33],
with n2 = n3 = 12 because of the normalisation of σ
a/2 and λa/2, where σa
and λa are the Pauli and Gell-Mann matrices respectively. In the expression for
K1 above we have inserted an additional factor 14 , since we must divide the
hypercharges by two to compare with [23], that has a different parametrization
of the gauge fields. Then setting
K1 = K2 = K3 = 1
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to normalize the gauge bosons, the demand for the GUT-relation (39) reads in
terms of the multiplicities:[
12M11¯ + 6M12 + 6M1¯2 + 9
(
1 +
a
3b
)2
M13 + 9
(
− 1 + a
3b
)2
M1¯3
+ 2
a2
b2
M32
]
= 10[M21 +M21¯ + 3M23 + 4M22]
= 10[M31 +M31¯ + 2M32 + 6M33]. (70)
2.2.4 Bringing it all together
We summarize Sections 2.1, 2.2.1, 2.2.2 and 2.2.3 by saying that for any finite
spectral triple whose
C.1 Lie algebra corresponding to the gauge group is the one of the Standard
Model;
C.2 particle content contains at least one copy of each of the Standard Model
particles;
C.3 particle content is (chiral gauge) anomaly free;
C.4 three coupling constants satisfy the GUT-relation (39);
the algebra is A = M3(C) ⊕ H ⊕ C and the multiplicities of the fermions are
constrained by relations (68) and (70) (with a and b appearing in this last relation
determined by (55)).
The reader may have asked himself how and to what extent this approach distin-
guishes itself from the conventional one, i.e. the non-NCG approach to (beyond
the) SM physics; what more does the former offer compared to the latter? In our
opinion there are two main differences. The first is the link between the value
for the coupling constants and the Hilbert space —making the existence of the
GUT-relation a consequence of the particle content. Secondly, the demand for
the gauge group to be that of the Standard Model made it possible to determine
the charges of the featured particles in terms of the powers a and b, changing the
role of the demand of anomaly cancellations to determining multiplicities. (Both
differences are a fruit of the meticulous path from the principles of NCG to the
particle content of the Standard Model.)
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It might be worthwhile to explicate how this chapter relates to several other
analyses having a similar approach, most notably [60, 61, 64, 62, 63]. The main
differences are that this is the first time that the GUT-relation is explicitly used
for constraining the multiplicities, that the demand for the gauge group had
not been articulated before in terms of the content of the Hilbert space. Further-
more, this analysis does not regard the question what finite Dirac operators are
allowed, so we have no demands related to this.
2.3 S O L U T I O N S O F T H E C O N S T R A I N T S
In the following sections we investigate what the above constraints can tell us
about some extensions of the Standard Model. But first we will employ these
constraints to recover the latter.
2.3.1 SM and extensions thereof
Let A = C ⊕ H ⊕M3(C) and let H be such that it only contains representations
that are present in the Standard Model: 2L ⊗ 1o, 1R ⊗ 1o, 2L ⊗ 3o, 1R ⊗ 3o, and
1R ⊗ 3o (representing (eL, νL), eR, (uL, dL), uR and dR respectively) and their
conjugates. We leave the possibility open for a right-handed neutrino 1R ⊗ 1o.
This implies thatH is characterised by a 6-tuple
(M11,M13,M1¯1,M1¯3,M21,M23) ∈ N6.
The subscript L (R) refers to the value 1 (−1) of γF on the particular representa-
tion.
Lemma 19. Upon demanding C.1 – C.4 for this spectral triple, the only solution for the
multiplicities is:
(M11,M13,M1¯1,M1¯3,M21,M23) = (M,M,M,M,M,M)
with M ∈ N, the number of generations or families.
Proof. From combining (68a) to (68d) we already infer that
M13 = M1¯3 = M23, M1¯1 = M21 =
a
b
M13. (71)
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Inserting these equations into the demand for the GUT-relation (70) (but discard-
ing all non-SM representations), gives:
2
(
9 + 9
a
b
+ 2
a2
b2
)
M13 = 40M13 =
(
30 + 10
a
b
)
M13
yielding a = b, i.e. the hypercharges are those of the SM and all multiplicities
equal each other, except for M11 (the right-handed neutrino), which is still unre-
stricted. Now from the expressions for a and b we find:
2M11 + 2M12 = 4M21,
establishing the result.
Note that according to the previous Lemma, a right-handed neutrino in all gen-
erations is necessary from our point of view. That the Standard Model with
three generations and an equal number of right-handed neutrinos is at odds
with the orientability axiom, was already noted by C. Stephan [90]. For future
convenience we succinctly write the solution to the previous Lemma as:
H′SM :=
(E ⊕ Eo)⊕M , E = (2L ⊕ 1R ⊕ 1R)⊗ (1⊕ 3)o,
where we added the prime because the bare SM in fact has M = 3 and does not
contain any right-handed neutrinos.
We can try to get the most out of the constraints we have derived. We will first
focus our attention on the only non-adjoint representation that is absent in the
SM — given that we only use 1, 1, 2 and 3:
Lemma 20. An extension of the SM with only a certain (non-zero) number of copies of
2⊗1o (and its conjugate) is possible, provided it is of negative chirality. In that case we
have for the multiplicities:
M21 +M21¯ = M23 = M11¯ = M13 = M1¯3, M11 = 3M21¯ +M21.
Proof. Since the representation under consideration is hypothetical, we do not
know whether it is right- or left-handed, but we can try either possibility. We get
a ±2M21¯ extra in (68a), (68c) and (67), where the sign depends on the chirality.
Taking the latter to be positive (i.e. it has the same chirality as M21), we find
from anomaly cancellation that M23 = M13 = M1¯3, abM13 = M1¯1 = M21 −M21¯.
Together with the second equality of (70) this gives(
1− a
b
)
M21 =
(
− 1 + a
b
)
M21¯.
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The first equality of (70) solves a/b = −4 ∨ 1. Using all relations between mul-
tiplicities, the first solution demands all multiplicities to vanish, the second so-
lution only sets M21¯ to be zero and we are back at the SM with right-handed
neutrinos.
Using the other value for the chirality, M21 and M21¯ enter all relations in the
same way, except in (55) —whose previous use was to determine M11 since that
is the only constraint it appears in. This means that we cannot exactly solve all
multiplicities. Instead we get the results as stated in the Lemma above.
Looking at what we observe in particle experiments, the above Lemma suggests
that either 2⊗1o is absent after all, or that there is a non-zero M21¯ implying that
all other particles —except for 2⊗1o— come in at least one more generation than
is currently observed. The representation 1⊗ 1o (the right-handed neutrino) on
the other hand, needs to have an even higher multiplicity than the others.
2.3.2 Supersymmetric extensions
In this section we focus on supersymmetric extensions of the SM. Thus, we want
to at least extend the finite Hilbert space by the gauginos, the superpartners of the
gauge bosons (the latter corresponding to the components of the algebra), and
the higgsinos (the superpartners of the Higgses [25, §2.2]). The former are in the
representations 1⊗ 1o, 2⊗ 2o and 3⊗ 3o and the latter are in 2⊗ 1o and 2⊗ 1o.
In order for the result to have the right number of degrees of freedom, we need
to take two copies of the gaugino representations, both having a different value
of the grading. This allows us not only to project onto the physical states of H+
[c.f. the first term of (34)], halving the number of degrees of freedom, but it also
allows for the possibility of defining gaugino masses. Having a real structure
J makes the higgsinos automatically come with their (charge) conjugates. Since
we already have particles in the representation 1 ⊗ 1o and 2 ⊗ 1o in the SM,
we will distinguish between the SM and supersymmetric versions of this repre-
sentation by putting a tilde above the latter. In the notation introduced above
Lemma 19 we write
(M11 + M˜11,M13,M1¯1,M1¯3,M21 + M˜21,M23, M˜21¯, M˜22, M˜33) ∈ N9 (72)
with M˜21 = M˜21¯ = M˜11 = M˜22 = M˜33 = 1. Written differently:
H′MSSM := H′SM ⊕Hgauginos ⊕Hhiggsinos
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with
Hgauginos =
(
1⊗ 1o ⊕ 2⊗ 2o ⊕ 3⊗ 3o)⊕2 ' (C⊕M2(C)⊕M3(C))⊕2
Hhiggsinos = 2⊗ 1o ⊕ 2⊗ 1o ⊕ 1⊗ 2o ⊕ 1⊗ 2o.
We then have:
Lemma 21. There is no solution (72) for the finite Hilbert space that satisfies our de-
mands after extending the Standard Model by two copies of the gauginos and a single
copy of the higgsinos.
Proof. We can proceed in exactly the same way as in Lemma 19, using the de-
mands C.1 – C.4. Since the Standard Model representations together satisfied
the demands, so should separately do the newly added representations. First
of all, the gauginos do not cause an anomaly, since each representation appears
both left-handed and right-handed [c.f. (65)]. The higgsino in 2⊗ 1o does cause
an anomaly (via the first and third relations in (68)), but the other one in 2⊗ 1o
—having the same grading but an opposite hypercharge— cancels this anomaly
again. So the relations (71) stay intact, reducing the a priori 6 unknown SM-
multiplicities to only one, M13. Next, we find for the three GUT-coefficients:
12
a
b
M13 + 6
(a
b
M13 + 1
)
+ 6 + 9
(
1 +
a
3b
)2
M13
+ 9
(
− 1 + a
3b
)2
M13 + 2
a2
b2
M13 =
[
18 + 18
a
b
+ 4
a2
b2
]
M13 + 12,
10
[(a
b
M13 + 1
)
+ 1 + 3M13 + 4
]
= 10
[(
a
b
+ 3
)
M13 + 6
]
and
10[M13 +M13 + 2M13 + 6] = 10[4M13 + 6],
respectively. From equating the second and third coefficients one can infer that
a = b. Inserting this solution into the first coefficient, one gets
12M13 + 6M13 + 6 + 6 + 9
(
4
3
)2
M13 + 9
(
− 2
3
)2
M13 + 2M13 = 40M13 + 12
i.e. the GUT-relation cannot be satisfied. Moreover, inserting the extra multiplic-
ities in (56) shows that
a = 2(M13 + 1)− 0 + 2(M12 + 1− 1) + 3M13, b = M31 +M31 + 2M31 + 6,
from which we find that a = b only for M13 = 43 , a non-integer number of
generations.
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Now the previous lemma suggests that the MSSM and NCG are at odds, but
there might be models which are not that different from the MSSM that do satisfy
all our constraints. We could in principle restore all constraints by adding extra
representations compared to the MSSM. In the light of supersymmetry these
should all be a superpartner of a scalar particle that enters through a finite Dirac
operator. To show that such models exists, we have
Theorem 22. The smallest possible extension (in the sense of lowest number of extra
representations) of the MSSM that satisfies all four constraints, has six additional rep-
resentations in HF . Namely, it is one of the following two possibilities for the Hilbert
spaceH′MSSM ⊕F ⊕Fo:
F = (1⊗ 1o)⊕4 ⊕ (1⊗ 1o)⊕2, (73)
where two of the copies of 1⊗ 1o should have a grading opposite to the other two copies;
or
F = (1⊗ 1o)⊕2 ⊕ (1⊗ 3o)⊕2 ⊕ (1⊗ 2o) ⊕ (1¯⊗ 2o). (74)
Proof. This can be done with a routine computer check on the equations (68) and
(70) while letting the multiplicities M11,M11¯,M13,M1¯3,M12,M1¯2,M23,M22 and
M33 increase.
We will for now pause with building specific models, and focus on constructing
possibly supersymmetric theories in general. For that we will introduce the no-
tion of R-parity into the context of ACGs in Chaper 3.1. This will resolve some
of the problems with the particle content of the MSSM, as we will see when we
return to it in Chapter 5.
3
S U P E R S Y M M E T R I C N O N C O M M U TAT I V E G E O M E T R I E S 1
This chapter forms the heart of the thesis. We will digress from the construction
of concrete models, turning to the MSSM in particular again in Chapter 5. In
contrast, this chapter is devoted to a classification of all almost-commutative ge-
ometries (see Section 1.3.4) whose particle content are supersymmetric and the
sufficient demands for also the action to be supersymmetric. Throughout this
chapter we characterize the finite spectral triples / almost-commutative geome-
tries by their Krajewski diagrams as presented in Section 1.3.4. The canonical
part (Example 6) of the almost-commutative geometries is sometimes only im-
plicitly there. Already mentioned in Section 1.4 we will restrict ourselves from
here to a canonical spectral triple on a flat background, i.e. all Christoffel sym-
bols and consequently the Riemann tensor vanish. We thus take the expression
(51) as our bosonic action functional, but will in addition only consider terms
∝ Λ0 for now. The terms ∝ Λ2 (and Λ4) will be covered in Chapter 4.
Unless stated otherwise we will restrict ourselves to finite algebras AF whose
components are matrix algebras over C:
AF =
K⊕
i
MNi(C), (75)
cf. (40). For a given algebra of this form, we look for supersymmetric ‘building
blocks’ —made out of representations Ni ⊗Noj (i, j ∈ {1, . . . ,K}) in the Hilbert
space (fermions) and components of the finite Dirac operator (scalars)— that
give a particle content and interactions eligible for supersymmetry. In particular,
these building blocks should be ‘irreducible’; they are the smallest extensions to
a spectral triple that are necessary to retain a supersymmetric action. We under-
line that we do not require that the extra action associated to a building block
is supersymmetric in itself. Rather, the building blocks will be defined such that
the total action can remain supersymmetric, or can become it again.
We will start by considering all possibilities for a finite algebra consisting of
one component in Section 3.2, step by step extending the algebra in the next
1The contents of this chapter are based on [7].
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sections. But before getting to that, we will introduce the notion of R-parity to
the context of almost-commutative spectral triples and use it to refine some of
the expressions we have been using previously. In Chapter 5 these refinements
will also be seen to solve some of the problems we encountered with the MSSM
in the previous chapter.
3.1 N C G A N D R - PA R I T Y
One of the key features of many supersymmetric theories is the notion of R-
parity; particles and their superpartners are not only characterized by the fact
that they are in the same representation of the gauge group and differ in spin
by 12 , but in addition they have opposite R-parity values (cf. [39, §4.5]). As an
illustration of this fact for the MSSM, see Table 8.
Fermions R-parity Bosons R-parity Multiplicity
gauginos −1 gauge bosons +1 1
SM fermions +1 sfermions −1 3
higgsinos −1 Higgs(es) +1 1
Table 8: The R-parity values for the various particles in the MSSM. In the left column are
the fermions, in the right column the bosons. The SM fermions and their super-
partners come in three generations each, whereas there is only one copy of the
other particles. This statement presupposes that we view the up- and downtype
Higgses and higgsinos as being distinct.
In this section we try to mimic such properties, providing an implementation of
this concept in the language of noncommutative geometry:
Definition 23. An R-extended, real, even spectral triple is a real and even spectral
triple (A,H, D; γ, J) that is dressed with a grading R : H → H satisfying
[R, γ] = [R, J ] = [R, a] = 0 ∀ a ∈ A.
We will simply write (A,H, D; γ, J,R) for such an R-extended spectral triple.
Note that, as with any grading, R allows us to split the Hilbert space into an
R-odd and R-even part:
H = HR=+ ⊕HR=−, HR=± = 1
2
(1±R)H. (76)
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Consequently the Dirac operator splits in parts that (anti-)commute withR:D =
D+ +D− with {D+, R} = [D−, R] = 0. We anticipate what is coming in the next
section by mentioning that in applying this notion to (the Hilbert space of) the
MSSM, the contents of the first part of the direct sum should coincide with the
SM particles and the latter with the gauginos and higgsinos.
Remark 24. In Krajewski diagrams we will distinguish between objects on whichR = 1
and on which R = −1 in the following way:
 Representations inHF on which R = −1 get a black fill, whereas those on which
R = +1 get a white fill with a black stroke.
 Scalars (i.e. components of the Dirac operator) that commute with R are repre-
sented by a dashed line, whereas scalars that anti-commute with R get a solid
line.
We immediately use the R-parity operator to make a refinement to the unimod-
ularity condition (38). Instead of taking the trace over the full (finite) Hilbert
space, we only take it over the part on which R equals 1, i.e. it now reads
trHR=+ Aµ = 0. (77)
Analogously, the definition (47) of the gauge group must then be modified to
SU(A) := {u ∈ U(A),detHR=+(u) = 1}. (78)
We will justify this choice later, after Lemma 31.
Note that adjusting the unimodularity condition has no effect when applying it
to the case of the NCSM, since all SM-fermions have R-parity +1 (Table 8).
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For a finite algebra AF = MNj (C) that consists of one component, the finite
Hilbert space can be taken to be Nj ⊗Noj ' MNj (C), the bimodule of the com-
ponent MNj (C) of the algebra. In order to reduce the fermionic degrees of free-
dom in the same way as in the NCSM, we need a finite spectral triple of KO-
dimension 6, i.e. one that satisfies {J, γ} = 0. This requires at least two copies
of this bimodule, both having a different value of the finite grading2 and a finite
2We will distinguish the copies by giving them subscripts L and R.
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real structure JF that interchanges these copies (and simultaneously takes their
adjoint):
JF (m,n) := (n
∗,m∗).
We call this
Definition 25. A building block of the first type Bj (j ∈ {1, . . . ,K}) consists
of two copies of an adjoint representation MNj (C) in the finite Hilbert space, having
opposite values for the grading. It is denoted by
Bj =
(
MNj (C)L ⊕MNj (C)R, 0
) ∈ HF ⊕ End(HF ).
As for the R-parity operator, we put R|MNj (C) = −1. Since DA maps between
R = −1 representations the gauge field has R = 1, indeed opposite to the
fermions. The Krajewski diagram that corresponds to this spectral triple is de-
picted in Figure 9.
Nj
Noj
Figure 9: The first building block consists of two copies in
the adjoint representation MNj (C), having opposite
grading. The solid fill means that they have R = −1.
Via the inner fluctuations (30) of the canonical Dirac operator /∂M (33) we obtain
gauge fields that act on the MNj (C) in the adjoint representation. If we write
(λ′jL, λ
′
jR) ∈ H+ = L2(S+ ⊗MNj (C)L)⊕ L2(S− ⊗MNj (C)R)
for the elements of the Hilbert space as they would appear in the inner product,
we find for the fluctuated canonical Dirac operator (33) that:
/∂A(λ
′
jL, λ
′
jR) = iγ
µ(∂µ + Aµ)(λ′jL, λ′jR),
withAµ = −igj adA′µj . Here we have written ad(A′µj)λ′L,R := A′µjλ′L,R−λ′L,RA′µj
with A′µj ∈ End(Γ(S) ⊗ u(Nj)) self-adjoint and we have introduced a coupling
constant gj .
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3.2.1 Matching degrees of freedom
In order for the gauginos to have the same number of finite degrees of free-
dom as the gauge bosons —an absolute necessity for supersymmetry— we can
simply reduce their finite part λ′jL,R to u(Nj), as described in [15, §4]. How-
ever, as is also explained in loc. cit., even though the finite part of the gauge
field A′µj is initially also in u(Nj), the trace part is invisible in the action since it
acts on the fermions in the adjoint representation. To be explicit, writing A′µj =
Aµj+
1
Nj
Bµj idNj , withAµj(x) ∈ su(Nj),Bµj(x) ∈ u(1) (for conciseness we have
left out coupling constants for the moment), we have
ad(A′µj) = ad(Aµj).
This fact spoils the equality between the number of fermionic and bosonic de-
grees of freedom again. We observe however that upon splitting the fermions
into a traceless and trace part, i.e.
λ′jL,R = λjL,R + λ
0
jL,R idNj , (79)
the latter part is seen to fully decouple from the rest in the fermionic part of the
action (34):
〈JMλ′jL, DAλ′jR〉 = 〈JMλjL, /∂AλjR〉+ 〈JMλ0jL, /∂Mλ0jR〉.
We discard the trace part from the theory.
Remark 26. In particular, a building block of the first type with Nj = 1 does not yield
an action since the bosonic interactions automatically vanish and all fermionic ones are
discarded. This is remedied again in a set up such as in the next section.
Note that applying the unimodularity condition (77) does not teach us anything
here, forHR=+ is trivial.
One last aspect is hampering a theory with equal fermionic and bosonic degrees
of freedom. There is a mismatch between the number of degrees of freedom
for the theory off shell; the equations of motion for the gauge field and gaugino
constrain a different number of degrees of freedom. This is a common issue in
supersymmetry and is fixed by means of a non-propagating auxiliary field. We
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mimic this procedure by introducing a variable Gj := GajT
a
j ∈ C∞(M, su(Nj))
—with T aj the generators of su(Nj)— which appears in the action via:
3
− 1
2nj
∫
M
trNj G
2
j
√
gd4x. (80)
The factor nj stems from the normalization of the T aj , trT
a
j T
b
j = njδ
ab, and is in-
troduced so that in the action (Ga)2 has coefficient 1/2, as is customary. Typically
nj =
1
2 . Using the Euler-Lagrange equations we obtain Gj = 0, i.e. the auxiliary
field does not propagate. This means that on shell the action corresponds to
what the spectral action yields us. In proving the supersymmetry of the action,
however, we will work with the off shell counterpart of the spectral action.
The action of the spectral triple associated to Bj has been determined before
(e.g. [19], [20], [17]) and is given by
Sj [λ,A] := 〈JMλ′jR, /∂Aλ′jL〉 −
f(0)
24pi2
∫
M
trHF FjµνFj,µν +O(Λ−2), (81)
where we have written the fermionic terms as they would appear in the path
integral (cf. [36, §16.3]).4 Using the notation introduced in (43) we write Aµ =
−igj(Aµj −Aoµj) and find for the corresponding field strength (50)
Fµν = −igj
(
F jµν − (F jµν)o
)
,
with F jµν = ∂µ(Aνj)− ∂ν(Aµj)− igj [Aµj , Aνj ]
Hermitian. Consequently we have in the action
− f(0)
24pi2
∫
M
trHF FjµνFj,µν =
1
4
Kj
nj
∫
M
trNj F
j
µνF
j,µν ,
with Kj = f(0)
3pi2
njg
2
j (2Nj), (82)
cf. (69). Here we have used that for X ∈MNj (C) traceless, trMNj (C)(X −Xo)2 =
2Nj trNj X
2 and there is an additional factor 2 since there are two copies of
MNj (C) in HF . The expression for Kj gets a contribution from each represen-
tation on which the gauge field Aµj acts, see Remark 36 ahead. The factor n−1j
in front of the gauge bosons’ kinetic term anticipates the same factor arising
3This auxiliary field is commonly denoted by D. Since this letter already appears frequently in
NCG, we instead take G to avoid confusion.
4It might seem that there are too many independent spinor degrees of freedom, but this is a
characteristic feature for a theory on a Euclidean background, see e.g. [81, 82, 78] for details.
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when performing the trace over the generators of the gauge group. The same
thing happens for the gauginos and since we want λaj , rather than λj , to have a
normalized kinetic term, we scale these according to
λj → 1√
nj
λj , where trT aj T
b
j = njδab. (83)
Discarding the trace part of the fermion, scaling the gauginos, introducing the
auxiliary field Gj and working out the second term of (81) then gives us for the
action
Sj [λ,A, Gj ] :=
1
nj
〈JMλjL, /∂AλjR〉+
1
4
Kj
nj
∫
M
trNj F
j
µνF
j,µν
− 1
2nj
∫
M
trNj G
2
j (84)
with λjL,R ∈ L2(M,S± ⊗ su(Nj)L,R), Aj ∈ End(Γ(S) ⊗ su(Nj)) and Gj ∈
C∞(M, su(Nj)).
For this action we have:
Theorem 27. The action (84) of an R-extended almost-commutative geometry that
consists of a building block Bj of the first type (Definition 25, with Nj ≥ 2) is super-
symmetric under the transformations
δAj = cjγ
µ
[
(JM R, γµλjL)S + (JM L, γµλjR)S
]
, (85a)
δλjL,R = c
′
jγ
µγνF jµνL,R + c
′
GjGjL,R, (85b)
δGj = cGj
[
(JM R, /∂AλjL)S + (JM L, /∂AλjR)S
]
(85c)
with cj , c′j , cGj , c
′
Gj
∈ C iff
2ic′j = −cjKj , cGj = −c′Gj . (86)
Proof. The entire proof, together with the explanation of the notation, is given in
the Appendix A.4.1.
We have now established that the building block of Definition 25 gives the su-
per Yang-Mills action, which is supersymmetric under the transformations (85).5
This building block is the NCG-analogue of a single vector superfield in the su-
perfield formalism, see Example 3.
5A similar result, without taking two copies of the adjoint representation, was obtained in [15].
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Note that we cannot define multiple copies of the same building block of the
first type without explicitly breaking supersymmetry, since this would add new
fermionic degrees of freedom but not bosonic ones. This exhausts all possibilities
for a finite algebra that consists of one component.
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If the algebra (75) contains two summands, we can first of all have two different
building blocks of the first type and find that the action is simply the sum of
actions of the form (84) and thus still supersymmetric.
We have a second go at supersymmetry by adding the representation Ni ⊗Noj
to the finite Hilbert space, corresponding to an off-diagonal vertex in a Krajew-
ski diagram. This introduces non-gaugino fermions to the theory. A real spectral
triple then requires us to also add its conjugate Nj ⊗ Noi . To keep the spectral
triple of KO-dimension 6, both representations should have opposite values of
the finite grading γF . For concreteness we choose Ni ⊗Noj to have value + in
this section, but the opposite sign works equally well with only minor changes
in the various expressions. With only this content, the action corresponding to
this spectral triple can never be supersymmetric for two reasons. First, it lacks
the degrees of freedom of a bosonic (scalar) superpartner. Second, it exhibits in-
teractions with gauge fields (via the inner fluctuations of /∂M ) without having the
necessary gaugino degrees to make the particle content supersymmetric. How-
ever, if we also add the building blocks Bi and Bj of the first type to the spectral
triple, both the gauginos are present and a finite Dirac operator is possible, that
might remedy this.
Lemma 28. For a finite Hilbert space consisting of two building blocks Bi and Bj
together with the representation Ni ⊗ Noj and its conjugate the most general finite
Dirac operator on the basis
Ni ⊗Noj ⊕MNi(C)L ⊕MNi(C)R ⊕MNj (C)L ⊕MNj (C)R ⊕Nj ⊗Noi .
(87)
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is given by
DF =

0 0 A 0 B 0
0 0 Mi 0 0 JA
∗J∗
A∗ M∗i 0 0 0 0
0 0 0 0 Mj JB
∗J∗
B∗ 0 0 M∗j 0 0
0 JAJ∗ 0 JBJ∗ 0 0

(88)
with A : MNi(C)R → Ni ⊗Noj and B : MNj (C)R → Ni ⊗Noj .
Proof. We start with a general 6×6 matrix forDF . Demanding that {DF , γF } = 0
already sets half of its components to zero, leaving 18 to fill. The first order condi-
tion (25) requires all components on the upper-right to lower-left diagonal of (88)
to be zero, so 12 components are left. Furthermore, DF must be self-adjoint, re-
ducing the degrees of freedom by a factor two. The last demand JFDF = DFJF
links the remaining half components to the other half, but not for the compo-
nents that map between the gauginos: because of the particular set up they were
already linked via de demand of self-adjointness. This leaves the four indepen-
dent components A, B, Mi and Mj .
In this chapter we will set Mi = Mj = 0 since these components describe super-
symmetry breaking gaugino masses. This will be the subject of Chapter 4.
Lemma 29. If the components A and B of (88) differ by only a complex number, then
they generate a scalar field φij in the same representation of the gauge group as the
fermion.
Proof. We writeD iiij ≡ A andD jjij ≡ B in the notation of (44). First of all, recall
that D jjij : MNj (C) → Ni ⊗Noj is given by left multiplication with an element
Cijj ηij , where ηij ∈ Ni⊗Noj and Cijj ∈ C. Similarly, D iiij : MNi(C)→ Ni⊗Noj
is given by right multiplication with an element in Ni ⊗Noj . If this differs from
D jjij by only a complex factor, it is of the form Ciijηij , with Ciij ∈ C.
Then the inner fluctuations (45) that D jjij develops, are of the form
D jjij → D jjij +
∑
n
(an)i
(
D jjij (bn)j − (bn)iD jjij
) ≡ Cijjφij , (89)
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with which we mean left multiplication by the element
φij ≡ ηij +
∑
n
(an)i[ηij(bn)j − (bn)iηij ]
times the coupling constant Cijj . The demand JDF = DFJ (cf. Table 4) on DF
means that D jiki = JD
ij
ik J
∗ = J(D ikij )
∗J∗, from which we infer that the com-
ponent D jiii constitutes of left multiplication with Ciijηij . Its inner fluctuations
are of the form
D jiii → D jiii +
∑
n
(an)i
(
D jiii (bn)j − (bn)iD jiii
) ≡ Ciijφij ,
which coincides with (89). Furthermore, for U = uJuJ∗ with u ∈ U(A) we find
for these components (together with the inner fluctuations) that
UD iiij U = uiD
ii
ij u
∗
j , UD
jj
ij U = uiD
jj
ij u
∗
j ,
establishing the result.
Since the diagonal vertices have an R-value of −1, the scalar field φij generated
byDF will always have an eigenvalue ofR opposite to that of the representation
Ni ⊗ Noj ∈ HF . This makes the off-diagonal vertices and these scalars indeed
each other’s superpartners, hence allowing us to call φij a sfermion. The Dirac
operator (88) (together with the finite Hilbert space) is visualized by means of a
Krajewski diagram in Figure 10. Note that we can easily find explicit construc-
tions for R ∈ AF ⊗ AoF . Requiring that the diagonal representations have an
R-value of −1, we have the implementations (1Ni ,−1Nj ) ⊗ (−1Ni , 1Nj )o and
(1Ni , 1Nj )⊗ (−1Ni ,−1Nj )o ∈ AF ⊗AoF , corresponding to the two possibilities of
Figure 10.
We capture this set up with the following definition:
Definition 30. The building block of the second type B±ij consists of adding the
representation Ni ⊗Noj (having γF -eigenvalue ±) and its conjugate to a finite Hilbert
space containing Bi and Bj , together with all maps between the representations Ni⊗Noj
and Nj ⊗Noi and the adjoint representations. Symbolically it is denoted by
B±ij = (Ni ⊗Noj ⊕Nj ⊗Noi , D jiii +D jjij ) ∈ HF ⊕ End(HF )
When necessary, we will denote the chirality of the representation Ni⊗Noj with
a subscript L,R. Note that such a building block is always characterized by two
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Ni Nj
Noi
Noj
← Ciijφij
(Cijjφij)
o
→
← Cijjφij
(Ciijφij)
o
→
(a) The case of an off-diagonal
representation with R = 1.
← Ciij
Cijj
Ni Nj
Noi
Noj
→
(b) The case of an off-diagonal
representation withR = −1.
Figure 10: After allowing for off diagonal representations we need a finite Dirac
operator in order to have a chance at supersymmetry. The component
A of (88) corresponds to the upper and left lines, whereas the compo-
nent B corresponds to the lower and right lines. The off-diagonal ver-
tex can have either R = 1 (left image) or R = −1 (right image). The
R-value of the components of the finite Dirac operator changes ac-
cordingly, as is represented by the (solid/dashed) stroke of the edges.
indices and it can only be defined when Bi and Bj have previously been defined.
In analogy with the building blocks of the first type and with the Higgses/hig-
gsinos of the MSSM in the back of our minds we will require building blocks
of the second type whose off-diagonal representation in HF has R = −1 to
have a maximal multiplicity of 1. In contrast, when the off-diagonal represen-
tation in the Hilbert space has R = 1 we can take multiple copies (‘generations’)
of the same representation in HF , all having the same value of the grading γF .
This also gives rise to an equal number of sfermions, keeping the number of
fermionic and scalar degrees of freedom the same, which effectively entails giv-
ing the fermion/sfermion-pair a family structure. The Ciij and Cijj are then
promoted to M ×M matrices acting on these copies. This situation is depicted
in Figure 11. We will always allow such a family structure when the fermion
has R = 1, unless explicitly stated otherwise. There can also be two copies of
a building block Bij that have opposite values for the grading. We come back to
this situation in Section 3.6.2.
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Figure 11: An example of a building block of the second type for which the
fermion has R = 1 and multiple generations.
Next, we compute the action corresponding to Bij . For a generic element ζ on
the finite basis (87) we will write
ζ = (ψijL, λ
′
iL, λ
′
iR, λ
′
jL, λ
′
jR, ψijR) ∈ H+,
where the prime on the gauginos suggests that they still contain a trace-part
(cf. (79)). To avoid notational clutter, we will write ψL ≡ ψijL, ψR ≡ ψijR and
φ ≡ φijL throughout the rest of this section. The extra action as a result of adding
a building block B+ij of the second type (i.e. additional to that of (81) for Bi and
Bj) is given by
Sij [λ
′
i, λ
′
j , ψL, ψR,Ai,Aj , φ, φ¯] ≡ Sij [ζ,A, ζ˜] = Sf,ij [ζ,A, ζ˜] + Sb,ij [A, ζ˜].
(90)
The fermionic part of this action reads
Sf,ij [ζ,A, ζ˜]
= 12 〈J(ψL, ψR), /∂A(ψL, ψR)〉
+ 12 〈J(ψL, λ′iL, λ′iR, λ′jL, λ′jR, ψR), γ5Φ(ψL, λ′i,L, λ′iR, λ′jL, λ′jR, ψR)〉
= 〈JMψR, DAψL〉+ 〈JMψR, γ5λ′iRCiijφ〉+ 〈JMψR, γ5Cijjφλ′jR〉
+ 〈JMψL, γ5φ¯C∗iijλ′iL〉+ 〈JMψL, γ5λ′jLφ¯C∗ijj)〉, (91)
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prior to scaling the gauginos according to (83). Here we have employed (89) and
Corollary 78 of the inner product. The bosonic part of (90) is given by
Sb,ij [A, ζ˜] =
∫
M
|NijDµφ|2 +Mij(φ, φ¯) (92)
(cf. (51)) with Nij = N ∗ij the square root of the positive semi-definite M ×M–
matrix
N 2ij =
f(0)
2pi2
(NiC
∗
iijCiij +NjC
∗
ijjCijj), (93)
where M is the number of particle generations, and
Mij(φ, φ¯) = f(0)
2pi2
[
Ni|Ciijφφ¯C∗iij |2 +Nj |φ¯C∗ijjCijjφ|2
+ 2|Ciijφ|2|Cijjφ|2
]
. (94)
The first term of this last equation corresponds to paths in the Krajewski diagram
such as in the first example of Figure 8, involving the vertex at (i, i). The second
term corresponds to the same type of path but involving (j, j) and the third term
consists of paths going in two directions such as the fourth example of Figure 8.
3.3.1 Matching degrees of freedom
As far as the gauginos are concerned, there is a difference compared to the pre-
vious section; there the trace parts of the action fully decoupled from the rest
of the action, but here this is not the case due to the fermion-sfermion-gaugino
interactions in (90). At the same time, the gauge fields A′µi and A
′
µj do not act on
Ni⊗Noj and Nj ⊗Noi in the adjoint representation, causing their trace parts not
to vanish either. We thus have fermionic and bosonic u(1) fields, that are each
other’s potential superpartners.
We distinguish between two cases:
 In the left image of Figure 10 HR=+ = Ni ⊗Noj ⊕Nj ⊗Noi and thus we
can employ the unimodularity condition (77). This yields6
6When having multiple copies of the representationsNi⊗Noj andNj⊗Noi all expressions will
be multiplied by the number of copies, since the gauge bosons act on each copy in the same way.
This leaves the results unaffected, however.
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0 = trNi⊗Noj g
′
iA
′
iµ + trNj⊗Noi g
′
jA
′
jµ
= NjgBiBiµ +NigBjBjµ =⇒ Bjµ = −(NjgBi/NigBj )Biµ,
where we have first identified the independent gauge fields before intro-
ducing the coupling constants gi,j , gBi,j (cf. [23, §3.5.2]). Consequently the
covariant derivative acting on the fermion ψ and scalar φ and their conju-
gates is equal to /∂A = iγµDµ with
Dµ = ∇Sµ − i
(
giAiµ +
gBi
Ni
Bi
)
+ i
(
gjAjµ +
gBj
Nj
Bj
)o
= ∇Sµ − igiAiµ + igjAojµ − 2igBi
Bi
Ni
.
This also means that the kinetic terms of the u(1) gauge field now appear in
the action. After applying the unimodularity condition, the kinetic terms
of the gauge bosons, as acting on Ni ⊗Noj , are given by
− trNi⊗Noj F′µνF′µν
= trNi⊗Noj
(
giF
i
µν − gjF j oµν + gBi
2
Ni
Biµν
)
×
(
giF
µν
i − gjFµν oj + gBi
2
Ni
Bµνi
)
= Njg
2
i trNi F
i
µνF
µν
i +Nig
2
j trNj F
j
µνF
µν
j + 4
Nj
Ni
g2BiB
i
µνB
µν
i ,
(95)
with Biµν = ∂[µBiν]. The contribution from Nj ⊗Noi is the same and those
from Ni ⊗Noi and Nj ⊗Noj have been given in the previous section.
We can use the supersymmetry transformations to also reduce the fermionic
degrees of freedom:
Lemma 31. Requiring the unimodularity condition (77) also for the supersym-
metry transformations of the gauge fields, makes the traces of the gauginos pro-
portional to each other.
Proof. We introduce the notation λiL,R = λaiL,R⊗T ai , where T ai , a = 0, 1, . . . ,
N2i − 1 are the generators of u(Ni) ' u(1) ⊕ su(Ni). Writing out the uni-
modularity condition (77) for the transformation (85a) of the gauge field
reads in this case
0 = Nj(gi tr δAiµ + gBiδBiµ) +Ni(gj tr δAjµ + gBjδBjµ)
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Putting in the expressions for the transformations and using that the su(Ni,j)-
parts of the gauginos are automatically traceless, we only retain the trace
parts:
0 = NjgBi
[
(JM R, γµλ
0
iL) + (JM L, γµλ
0
iR)
]
+NigBj
[
(JM R, γµλ
0
jL) + (JM L, γµλ
0
jR)
]
=
(
JM R, γµ(NjgBiλ
0
iL +NigBjλ
0
jL)
)
+ (L↔ R), (96)
where with ‘(L ↔ R)’ we mean the expression preceding it, but every-
where with L and R interchanged. Since  = (L, R) can be any covariantly
vanishing spinor, (0, R) with ∇SR = 0 and (L, 0) with ∇SL = 0 are valid
solutions for which one of the terms in (96) vanishes, but the other does
not. The term with left-handed gauginos is thus independent from that of
the right-handed gauginos. Hence, for any R,(
JM R, γµ(NjgBiλ
0
iL +NigBjλ
0
jL)
)
must vanish, establishing the result.
Via the transformation (85b) for the gaugino, we can also reduce one of the
u(1) parts of G′i,j = G
a
i,jT
a
i,j +Hi,j ∈ C∞(M,u(Ni,j)).
This provides us a justification for the choice to take the trace in (77) only
over HF . For if we had not, we would have been in a bootstrap-like situa-
tion in which the gaugino degrees of freedom would have contributed to
the relation that we have employed to reduce them by.
 In the right image of Figure 10 no constraint occurs due to the unimodular-
ity condition becauseHR=+ = 0 and the kinetic terms of the gauge bosons
are given by:
− trNi⊗Noj F′µνF′µν
= trNi⊗Noj
(
giF
i
µν − gjF j oµν +
gBi
Ni
Biµν −
gBj
Nj
Bjµν
)2
= Njg
2
i trNi F
i
µνF
µν
i +Nig
2
j trNj F
j
µνF
µν
j
+NiNj
(gBiBi
Ni
− gBjBj
Nj
)
µν
(gBiBi
Ni
− gBjBj
Nj
)µν
. (97)
Here for the second time we stumble upon problems with the fact that the spec-
tral action gives us an on shell action only. The problem is twofold. First, there
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is —as in the case of Bi and Bj— a mismatch in the degrees of freedom off shell
between ψ ≡ ψij and φ ≡ φij . We compensate for this by introducing a bosonic
auxiliary field Fij ∈ C∞(M,Ni ⊗ Noj) and its conjugate. They appear in the
action via
S[Fij , F
∗
ij ] = −
∫
M
trNj F
∗
ijFij
√
gd4x. (98)
From the Euler-Lagrange equations, it follows that Fij = F ∗ij = 0, i.e. Fij and
its conjugate only have degrees of freedom off shell. Secondly, the four-scalar
self-interaction of φ poses an obstacle for a supersymmetric action; regardless of
its specific form, a supersymmetry transformation of such a term must involve
three scalars and one fermion, a term that cannot be canceled by any other. The
standard solution is to rewrite these terms using the auxiliary fields G′i, G
′
j that
the building blocks of the first type provide us, such that we recover (92) on
shell. The next lemma tells us that we can do this.
Lemma 32. If HF,R=+ 6= 0 then the four-scalar terms (94) of an almost-commutative
geometry that consists of a single building block Bij of the second type can be written in
terms of auxiliary fields Gi,j ∈ C∞(M, su(Ni,j)) and H ∈ C∞(M,u(1)), as follows:
L(Gi,j , H, φ, φ¯) = − 1
2ni
trG2i −
1
2nj
trG2j −
1
2
H2 − trGiP ′iφφ¯
− trGj φ¯P ′jφ−H trQ′φφ¯, (99)
where in the terms featuring Gi,j the trace is over the Ni,j ×Ni,j-matrices and with
P ′i =
√
f(0)
pi2ni
NiC
∗
iijCiij , P ′j =
√
f(0)
pi2nj
NjC
∗
ijjCijj ,
Q′ =
√
f(0)
pi2
(C∗iijCiij + C
∗
ijjCijj), (100)
matrices on M -dimensional family space.
Proof. Required for any building block Bij of the second type are the building
blocks Bi and Bj of the first type, initially providing auxiliary fields Gi,j ≡
Gai,jT
a
i,j ∈ C∞(M, su(Ni,j)) and Hi,j ∈ C∞(M,u(1)). Here the T ai,j denote the
generators of su(Ni,j) in the fundamental (defining) representation and are nor-
malized according to trT ai,jT
b
i,j = ni,jδab, where ni,j is the constant of the represen-
tation. After applying the unimodularity condition (77) in the case thatHR=+ 6=
0 (the left image of Figure 10) for the gauge field and its transformation, only
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one u(1) auxiliary field H remains. We thus consider the Lagrangian (99) with
P ′i,j ,Q′ self-adjoint. (These coefficients are written inside the trace since they
may have family indices. However, the combinations P ′iφφ¯ and φ¯P ′jφ cannot
have family-indices anymore, sinceGi andGj do not.) Applying the Euler-Lagrange
equations to this Lagrangian yields
Gai = − trT ai P ′iφφ¯, Gaj = − trT aj φ¯P ′jφ, H = − trQ′φφ¯
and consequently (99) equals on shell
L(Gi,j , H, φ, φ¯)
=
1
2
tr(T ai P ′iφij φ¯ij)2 +
1
2
tr(T aj φ¯ijP ′jφij)2 +
1
2
tr(Q′φij φ¯ij)2
=
ni
2
(
|P ′iφφ¯|2 −
1
Ni
|P ′1/2i φ|4
)
+
nj
2
(
|φ¯P ′jφ|2 −
1
Nj
|P ′1/2j φ|4
)
+
1
2
|Q′1/2φ|4.
Here we have employed the identity
(T ai,j)mn(T
a
i,j)kl = ni,j
(
δmlδkn − 1
Ni,j
δmnδkl
)
. (101)
With the choices (100) we indeed recover the four-scalar terms (94) of the spectral
action.
Even though in the case that HF,R=+ = 0 (the right image of Figure 10) the
unimodularity condition cannot be used to relate the u(1) fields Hi and Hj to
each other, a similar solution is possible:
Corollary 33. If HR=+ = 0 then the four-scalar terms (94) of a building block Bij of
the second type can be written off shell using the Lagrangian
L(Gi,j , Hi,j , φ, φ¯) = − 1
2ni
trG2i −
1
2nj
trG2j −
1
2
H2i −
1
2
H2j − trGiP ′iφφ¯
− trGj φ¯P ′jφ−Hi trQ′iφφ¯−Hj trQ′jφφ¯, (102)
with
P ′i =
√
f(0)
pi2ni
NiC
∗
iijCiij , P ′j =
√
f(0)
pi2nj
NjC
∗
ijjCijj ,
Q′i = Q′j =
√
f(0)
2pi2
(C∗iijCiij + C
∗
ijjCijj),
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not carrying a family-index.
In both cases we have obtained a system that has equal bosonic and fermionic
degrees of freedom, both on shell and off shell.
3.3.2 The final action and supersymmetry
We first turn to the case that HR=+ 6= 0. Reducing the degrees of freedom by
identifying half of the u(1) fields with the other half and rewriting (90) to an off
shell action we find the extra contributions
〈JMψR, γ5(λ′iRCiijφ+ Cijjφλ′jR)〉+ 〈JMψL, γ5(φ¯C∗iijλ′iL + λ′jLφ¯C∗ijj)〉
+ 〈JMψR, DAψL〉+
∫
M
[
|NijDµφ|2 − trNi
(P ′iφφ¯Gi)
− trNj
(
φ¯P ′jφGj
)−H trNi Q′φφ¯− trN⊕Mj F ∗ijFij]
to the total action, with
λ′i = λi + λ
0
i idNi , λ
′
j = λj −Nj/iλ0i idNj
and Gi,j ∈ C∞(M, su(Ni,j)), H ∈ C∞(M,u(1)). For notational convenience we
will suppress the subscripts in the traces when no confusion is likely to arise. In
addition, adding a building block Bij slightly changes the expressions for the
pre-factors of the kinetic terms of Aiµ and Ajµ (cf. Remark 36 below).
As a final step we scale the sfermion φij according to
φij → N−1ij φij , φ¯ij → φ¯ijN−1ij , (103)
and the gauginos according to (83) to give us the correctly normalized kinetic
terms for both:
〈JMψR, γ5[λ′iRC˜i,jφ+ C˜j,iφλ′jR]〉+ 〈JMψL, γ5[φ¯C˜∗i,jλ′iL + λ′jLφ¯C˜∗j,i]〉
+ 〈JMψR, DAψL〉+
∫
M
[
|Dµφ|2 − tr
(Piφφ¯Gi)− tr (φ¯PjφGj)
− trHQφφ¯− trN⊕Mj F
∗
ijFij
]
. (104)
Here we have written
C˜i,j :=
Ciij√
ni
N−1ij , C˜j,i :=
Cijj√
nj
N−1ij ,
Pi,j := N−1ij P ′i,jN−1ij Q := N−1ij Q′N−1ij (105)
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for the scaled versions of the parameters. For this action we have:
Theorem 34. The total action that is associated to Bi ⊕ Bj ⊕ Bij , given by (84) and
(104), is supersymmetric under the transformations (85),
δφ = cij(JM L, γ
5ψL)S , δφ¯ = c∗ij(JM R, γ
5ψR)S , (106a)
δψL = c
′
ijγ
5[/∂A, φ]R + d
′
ijFijL, δψR = c
′∗
ijγ
5[/∂A, φ¯]L + d
′∗
ijF
∗
ijR
(106b)
and
δFij = dij(JM R, /∂AψL)S + dij,i(JM R, γ
5λiRφ)S − dij,j(JM R, γ5φλjR)S ,
(107a)
δF ∗ij = d
∗
ij(JM L, /∂AψR)S + d
∗
ij,i(JM L, γ
5φ¯λiL)S − d∗ij,j(JM L, γ5λjLφ¯)S ,
(107b)
with cij , c′ij , dij , d
′
ij , dij,i and dij,j complex numbers, if and only if
C˜i,j = i,j
√
2
Ki gi idM , C˜j,i = j,i
√
2
Kj gj idM ,
P2i =
g2i
Ki idM , P
2
j =
g2j
Kj idM , (108)
for the unknown parameters of the finite Dirac operator (where idM is the identity on
family-space, which equals unity of ψij has no family index) and
c′ij = c
∗
ij = i,j
√
2Kici = −j,i
√
2Kjcj ,
dij = d
′∗
ij = i,j
√
Ki
2
dij,i
gi
= −j,i
√
Kj
2
dij,j
gj
, cGi = i
√
Kici,
with i, i,j , j,i ∈ {±1} for the transformation constants.
Proof. Since the action (84) is already supersymmetric by virtue of Theorem 27,
we only have to prove that the same holds for the contribution (104) to the action
from Bij . The detailed proof of this fact can be found in Appendix A.4.2.
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Then for Ciij and Pi,j that satisfy these relations (setting Ki,j = 1), the super-
symmetric action (but omitting the u(1)-terms for conciseness now) reads:
〈JMψR, /∂AψL〉+
√
2〈JMψR, γ5(i,jgiλiRφ+ j,iφgjλjR)〉
+
√
2〈JMψL, γ5(i,j φ¯giλiL + j,igjλjLφ¯)〉 (109)
+
∫
M
[
|Dµφ|2 − gi trNi
(
φφ¯Gi
)− gj trNj (φ¯φGj)− trN⊕Mj F ∗ijFij],
i.e. we recover the pre-factors for the fermion-sfermion-gaugino and four-scalar
interactions that are familiar for supersymmetry. The signs i,j and j,i above
can be chosen freely.
Remark 35. In the case thatHR=+ = 0, there is an interaction
∝
∫
M
BiµνB
µν
j (110)
present (see the last term of (97)). Transforming the gauge fields appearing in that inter-
action shows that the supersymmetry of the total action requires an interaction
∝ 〈JMλ0i , /∂Mλ0j 〉,
a term that the fermionic action does not provide. Thus, a situation in which there are two
different u(1) fields that both act on the same representation Ni ⊗Noj is an obstruction
for supersymmetry. This is also the reason that a supersymmetric action with gauge
groups U(Ni,j) is not possible in the presence of a representation Ni ⊗Noj , since
− trNi⊗Noj FµνFµν
= trNi⊗Noj (giF
i
µν − gjF j oµν )(giFµνi − gjFµν oj )
= Njg
2
i trF
i
µνF
µν
i +Nig
2
j trF
j
µνF
µν
j − 2gigj trF iµν trFµνj ,
of which the last term spoils supersymmetry. Averting a theory in which two indepen-
dent u(1) gauge fields act on the same representation will be seen to put an important
constraint on realistic supersymmetric models from noncommutative geometry.
Note that it is not per se the presence of an R = −1 off-diagonal fermion in the
first place that is causing this; in a spectral triple that contains at least oneR = +1
fermion the interaction (110) vanishes due to the unimodularity condition (77).
Remark 36. In the previous section we have compactly written
Ki = f(0)
3pi2
2Nig
2
i ni
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only partly for notational convenience. There are two other reasons. The first is that
since the kinetic terms for the gauge bosons are normalized to −1/4, Ki must in the end
have the value of 1. This puts a relation between f(0) and gi. This is the same as in the
Standard Model [23, §17.1]. Secondly, the expression for Ki depends on the contents of
the spectral triple. As (95) shows, when the Hilbert space is extended with Ni⊗Noj and
its opposite (both having R = 1), then (82) changes to
Ki = f(0)
3pi2
g2i ni(2Ni +MNj), Kj =
f(0)
3pi2
g2jnj(MNi + 2Nj),
KB = 4f(0)
3pi2
Nj
Ni
Mg2B . (111)
Here M denotes the number of generations that the fermion–sfermion pair comes in.
In fact, the relation between the coupling constant(s) gi and the function f should be
evaluated only for the full spectral triple. In this case however, setting all three terms
equal to one, implies the GUT-like relation
ni(2Ni +MNj)g
2
i = nj(2Nj +MNi)g
2
j = 4
Nj
Ni
Mg2B .
What remains, is to check whether there exist solutions for Ciij and Cijj that
satisfy the supersymmetry constraints (108).
Proposition 37. Consider an almost-commutative geometry whose finite algebra is of
the form MNi(C)⊕MNj (C). The particle content and action associated to this almost-
commutative geometry are both supersymmetric off shell if and only if it consists of two
disjoint building blocks Bi,j of the first type, for which Ni, Nj > 1.
Proof. We will prove this by showing that the action of a single building block
Bij of the second type is not supersymmetric, falling back to Theorem 27 for a
positive result. For the action of a Bij of the second type to be supersymmetric
requires the existence of parameters Ciij and Cijj that —after scaling according
to (105)— satisfy (108) both directly and indirectly via Pi,j of the form (100).
To check whether they directly satisfy (108) we note that the pre-factor N 2ij for
the kinetic term of the sfermion φij appearing in (105) itself is an expression in
terms of Ciij and Cijj . We multiply the first relation of (108) with its conjugate
and multiply with Nij on both sides to get
C∗iijCiij =
2
Kinig
2
iN 2ij .
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Inserting the expression (93) for N 2ij , we obtain
C∗iijCiij = g
2
i ni
f(0)
pi2
1
Ki
[
NiC
∗
iijCiij +NjC
∗
ijjCijj
]
.
From (105) and (108) we infer that C∗ijjCijj = (njg
2
j /nig
2
i )C
∗
iijCiij , i.e. we re-
quire:
Ki = f(0)
pi2
[
g2i niNi + njg
2
jNj
]
.
If we use the expressions (111) for the pre-factors of the gauge bosons’ kinetic
terms to express the combinations f(0)ni,jg2i,j/pi
2 in terms of Ni,j and M , the
requirement for consistency reads
1 =
(
3Ni
2Ni +MNj
+
3Nj
MNi + 2Nj
)
.
The only solutions to this equation are given by M = 4 and Ni = Nj . How-
ever, inserting the solution (108) for C∗iijCiij into the expression (100) for Pi,Pj
(necessary to write the action off shell) gives
P2i = 4
f(0)
pi2
Nig
4
i
ni
K2i
, P2j = 4
f(0)
pi2
Njg
4
j
nj
K2j
,
with an idM where appropriate. We again use Remark 36 to replace f(0)g2i /(pi
2Ki)
by an expression featuring Ni,j , M and ni,j . This yields
P2i =
12Ni
2Ni +MNj
g2i
Ki = 2
g2i
Ki , P
2
j =
12Nj
2Nj +MNi
g2j
Kj = 2
g2j
Kj
for the values M = 4, Ni = Nj that gave the correct fermion-sfermion-gaugino
interactions. We thus have a contradiction with the demand on P2i,j from (108),
necessary for supersymmetry.
We shortly pay attention to a case that is of similar nature but lies outside the
scope of the above Proposition.
Remark 38. For AF = C⊕ C, a building block Bij of the second type does not have a
supersymmetric action either. In this case there are only u(1) fields present in the theory
andGi,Gj andH are seen to coincide. It is possible to rewrite the four-scalar interaction
of the spectral action off shell, but this set up also suffers from a similar problem as in
Proposition 37.
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We can extend the result of Proposition 37 to components of the finite algebra
that are defined over other fields than C. For this, we first need the following
lemma.
Lemma 39. The inner fluctuations (30) of /∂M caused by a component of the finite
algebra that is defined over R or H, are traceless.
Proof. The inner fluctuations are of the form
iγµAFµ, A
F
µ =
∑
i
ai∂µ(bi),
with ai, bi ∈ C∞(M,MN (F)), F = R,H. This implies that AFµ is itself an MN (F)-
valued function. For the inner fluctuations to be self-adjoint, AFµ must be skew-
Hermitian. In the case that F = R this implies that all components on the di-
agonal vanish and consequently so does the trace. In the case that F = H, all
elements on the diagonal must themselves be skew-Hermitian. Since all quater-
nions are of the form(
α β
−β¯ α¯
)
α, β ∈ C,
this means that the diagonal of AHµ consists of purely imaginary numbers that
vanish pairwise. Its trace is thus also 0.
Then we have
Theorem 40. Consider an almost-commutative geometry whose finite algebra is of the
form MNi(Fi) ⊕ MNj (Fj) with Fi,Fj = R,C,H. The particle content and action
associated to this almost-commutative geometry are both supersymmetric off shell if
and only if it consists of two disjoint building blocks Bi,j of the first type, for which
Ni, Nj > 1.
Proof. Not only do we have different possibilities for the fields Fi,j over which
the components are defined, but we can also have various combinations for the
values of the R-parity. We cover all possible cases one by one.
If R = +1 on the representations in the finite Hilbert space that describe the
gauginos, then the gauginos and gauge bosons have the same R-parity and the
particle content is not supersymmetric.
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If R = −1 for these representations, and R = +1 on the off-diagonal represen-
tations, suppose at least one of the Fi, Fj is equal to R or H. Then using Lemma
39 we see that after application of the unimodularity condition (77) there is no
u(1)-valued gauge field left. Lemma 31 then also causes the absence of a u(1)-
auxiliary field that is needed to write the four-scalar action off shell as in Lemma
32. If both Fi and Fj are equal to Cwe revert to Proposition 37 to show that there
is no supersymmetric solution forM andNi,j that satisfies the demands for C˜i,j ,
C˜j,i and Pi,j from supersymmetry.
In the third case R = −1 on the off-diagonal representations in HF . If both Fi,j
are equal to R or H then there is no u(1) gauge field and thus the spectral action
cannot be written off shell. If either Fi or Fj equals R or H, then there is one
u(1)-field, but the calculation for the action carries through as in Proposition 37
and there is no supersymmetric solution for M and Ni,j . Finally, if both Fi,j are
equal to C, there are two u(1)-fields and the cross term as in Remark 35 spoils
supersymmetry.
Thus, all almost-commutative geometries for which AF = MNi(Fi) ⊕MNj (Fj)
and that have off-diagonal representations fail to be supersymmetric off shell.
The set up described in this section has the same particle content as the su-
persymmetric version of a single (R = +1) particle–antiparticle pair and cor-
responds in that respect to a single chiral superfield in the superfield formalism,
see Example 2 and [39, 4.3]. In constrast, its action is not fully supersymmetric.
We stress however, that the scope of Proposition 37 is that of a single building
block of the second type. As was mentioned before, the expressions for many of
the coefficients typically vary with the contents of the finite spectral triple and
they should only be assessed for the full model.
Another interesting difference with the superfield formalism is that a building
block of the second type really requires two building blocks of the first type,
describing gauginos and gauge bosons. In the superfield formalism a theory
consisting of only a chiral multiplet, not having gauge interactions, is in many
textbooks the first model to be considered. This underlines that noncommuta-
tive geometry inherently describes gauge theories.
There are ways to extend almost-commutative geometries by introducing new
types of building blocks —giving new possibilities for supersymmetry— or by
combining ones that we have already defined. In the next section we will cover
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an example of the latter situation, in which there arise interactions between two
or more building blocks of the second type.
3.3.3 Interaction between building blocks of the second type
In the previous section we have fully exploited the options that a finite algebra
with two components over the complex numbers gave us. If we want to extend
our theory, the finite algebra (75) needs to have a third summand — sayMNk(C).
A building block of the first type (cf. Section 3.2) can easily be added, but then
we already stumble upon severe problems:
Proposition 41. The action (51) of an almost-commutative geometry whose finite al-
gebra consists of three summands MNi,j,k(C) over C and whose finite Hilbert space
features building blocks B±ij and B±ik is not supersymmetric.
Proof. The inner fluctuations of the canonical Dirac operator on Ni ⊗ Noj and
Ni ⊗Nok read:
/∂M + giAi − gjAoj +
gBi
Ni
Bi −
gBj
Nj
Bj ,
/∂M + giAi − gkAok +
gBi
Ni
Bi − gBk
Nk
Bk,
where Ai,j,k = γµA
µ
i,j,k, with A
µ
i,j,k(x) ∈ su(Ni,j,k) and similarly Bµi,j,k(x) ∈ u(1).
The unimodularity condition will, in the case that the representation of at least
one of the two building blocks has R = +1, leave two of the three independent
u(1) fields —say—Bi andBj . The kinetic terms of the gauge bosons on both rep-
resentations will then feature a cross term (110) of different u(1) field strengths,
an obstruction for supersymmetry.
To resolve this, we allow —inspired by the NCSM— for one or more copies of the
quaternions H in the finite algebra. If we define a building block of the first type
over such a component (with the finite Hilbert space M2(C) as a bimodule of
the complexification M1(H)C = M2(C) of the algebra, instead of H itself, cf. [11,
§4.1], [21]), the self-adjoint inner fluctuations of the canonical Dirac operator are
already seen to be in su(2) (e.g. traceless) prior to applying the unimodularity
condition. On a representation Ni⊗Noj (from a building block B±ij of the second
type), of which one of the indices comes from a componentH, only one u(1) field
will act.
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From here on, using three or more components in the algebra, we will always assume at
most two to be of the form MN (C) and all others to be equal to H.
The action of an almost commutative geometry whose finite spectral triple fea-
tures two building blocks of the second type sharing one of their indices (i.e. that
are in the same row or column in a Krajewski diagram) contains extra four-scalar
contributions. The specific form of these terms depends on the value of the grad-
ing and of the indices appearing. When the first indices of two building blocks
are the same, and they have the same grading (e.g. B+ji and B+jk, cf. Figure 12a)
the resulting extra interactions are given by
Sij,jk[φij , φjk] =
f(0)
pi2
Nj
∫
M
|CijjφijCjjkφjk|2√gd4x. (112)
In the other case (cf. Figure 12b) it is given by
Sij,jk[φij , φjk] =
f(0)
pi2
∫
M
|Cijjφij |2|Cjjkφjk|2√gd4x. (113)
The paths corresponding to these contributions are depicted in Figure 12.
Ciij
Cijj
Ni Nj
Noi
Noj Cjjk
Cjkk
Nk
Nok
(a) Contributions when the grad-
ings of the building block are
different.
Ciij
Cijj
Ni Nj
Noi
Noj Cjjk
Cjkk
Nk
Nok
(b) Contributions when the grad-
ings of the building blocks
are the same.
Figure 12: In the case that there are two building blocks of the second type shar-
ing one of their indices, there are extra interactions in the action.
However, to write all four-scalar interactions from the spectral action off shell in
terms of the auxiliary fields Gi,j,k, one requires interactions of the form of both
(112) and (113) to be present. The reason for this is the following. Upon writing
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Ni Nj
Noi
Noj
Nk
Nok
Figure 13: A situation in which all three building blocks of the second type are
present whose two indices are either i, j or k.
the four-scalar part of the action of the building blocks Bij and Bjk in terms of
the auxiliary fields as in Lemma 32, we find for the terms with Gj in particular:
− 1
2nj
trNj G
2
j − trNj Gj
(
φ¯ijP ′j,iφij
)
− trNj Gj
(
P ′j,kφjkφ¯jk
)
.
On shell, the cross terms of this expression then give the additional four-scalar
interaction
nj |P ′1/2j,i φijP ′1/2j,k φjk|2 −
nj
Nj
|P ′1/2j,i φij |2|P ′1/2j,i φjk|2. (114)
When the scaled counterparts (105) of P ′j,i and P ′j,k satisfy the constraints (108)
for supersymmetry, this interaction reads
njg
2
j
(
|φijφjk|2 − 1
Nj
|φij |2|φjk|2
)
after scaling the fields. When having two or more building blocks of the second
type that share one of their indices, we have either (112) or (113) in the spectral
action, while we need (114) for a supersymmetric action. To possibly restore su-
persymmetry we need additional interactions, such as those of the next section.
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In a situation in which the finite algebra has three components and there are two
adjacent building blocks of the second type, as depicted in Figure 12b, there is
allowed a component
D kjij : Nk ⊗Noj → Ni ⊗Noj (115)
of the finite Dirac operator. We parametrize it with Υ ki
∗, that acts (non-trivially)
on family space. Such a component satisfies the first order condition and its
inner fluctuations∑
n
an[D
kj
ij , bn] =
∑
n
(ai)n
(
Υ ki
∗(bk)n − (bi)nΥ ki ∗
)
generate a scalar φik ∈ Ni ⊗ Nok. Since there is no corresponding fermion ψik
present, a necessary condition for restoring supersymmetry is the existence of
a building block B±ik of the second type. The component (115) then gives —
amongst others— an extra fermionic contribution
〈JMψij , γ5Υ ki ∗φikψjk〉
to the action. Using the transformations (106) and (107), under which a building
block of the second type is supersymmetric, we infer that this new term spoils
supersymmetry. To overcome this, we need to add two extra components
D ikjk : Ni ⊗Nok → Nj ⊗Nok, D ikij : Ni ⊗Nok → Ni ⊗Noj
to the finite Dirac operator, as well as their adjoints and the components that
can be obtained by demanding that [DF , JF ] = 0. We parametrize these two
components with Υ ji
∗ and Υ kj
∗ respectively. They give extra contributions to
the fermionic action that are of the form
〈JMψjk, γ5φ¯ijΥ ji ∗ψik〉+ 〈JMψij , γ5ψikφ¯jkΥ kj ∗〉.
Both components require the representation Ni ⊗Nok to have an eigenvalue of
γF that is opposite to those of Ni ⊗Noj and Nj ⊗Nok. This is the situation as is
depicted in Figure 13.
This brings us to the following definition:
Definition 42. For an almost-commutative geometry in which B±ij , B∓ik and B±jk are
present, a building block of the third type Bijk is the collection of all allowed com-
ponents of the Dirac operator, mapping between the three representations Ni ⊗ Noj ,
Ni ⊗Nok and Nk ⊗Noj and their conjugates. Symbolically it is denoted by
Bijk = (0, D kjij +D ikjk +D ikij ) ∈ HF ⊕ End(HF ). (116)
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The Krajewski diagram corresponding to Bijk is depicted in Figure 14.
The parameters of (116) are chosen such that the sfermions φij and φjk are gen-
erated by the inner fluctuations of Υ ji and Υ
k
j respectively, whereas φik is gen-
erated by Υ ki
∗. This is because φik crosses the particle/antiparticle-diagonal in
the Krajewski diagram. Note that i, j, k are labels, not matrix indices.
Ni Nj
Noi
Noj
Nk
Nok
← Υ kj
Υ ki →
← Υ ji
(a) For clarity we have omitted here
the edges and vertices that stem
from the building blocks of the
first and second type.
(b) The same building block as
shown on the left side but with
the possible family structure of
the two scalar fields with R = 1
being visualized.
Figure 14: A building block Bijk of the third type in the language of Krajewski diagrams.
There are several possible values of R that the vertices and edges can have. Re-
quiring a grading that yields −1 on each of the diagonal vertices, all possibili-
ties for an explicit construction of R ∈ AF ⊗ AoF are given by R = −P ⊗ P o,
P = (±1,±1,±1) ∈ AF where each of the three signs can vary independently.
This yields 8 possibilities, but each of them appears in fact twice. Of the ef-
fectively four remaining combinations, three have one off-diagonal vertex that
has R = −1 and in the other combination all three off-diagonal vertices have
R = −1. These four possibilities are depicted in Figure 15. We will typically
work in the case of the first image of Figure 15, as is visualised in Figure 14b,
and will indicate where changes might occur when working in one of the other
possibilities. If in this context the R = 1 representations inHF come in M copies
(‘generations’), all components of the finite Dirac operator are in general acting
non-trivially on these M copies, except Ciij and Cijj , since they parametrize
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components of the finite Dirac operator mapping between R = −1 representa-
tions.
Figure 15: All possible combinations of values for the R-parity operator in a
building block of the third type. Three of those possibilities have one
representation on which R = −1, in the other possibility all three
of them have R = −1. This last option essentially entails having no
family structure.
Note that in the action the expressions (93) for the pre-factors N 2ij , N 2ik and N 2jk
of the sfermion kinetic terms all get an extra contribution from the new edges of
the Krajewski diagram of Figure 14. The first of these becomes
N 2ij →
f(0)
2pi2
(NiC
∗
iijCiij +NjC
∗
ijjCijj +NkΥ
j
i
∗Υ ji ). (117)
The other two can be obtained replacingNi,Ciij ,Cijj and Υ
j
i by their respective
analogues.
The presence of a building block of the third type allows us to take a specific
parametrization of the Ciij in terms of Υ
j
i . To this end, we introduce the short-
hand notations
qi :=
f(0)
pi2
g2i , ri := qini, ωij := 1− riNi − rjNj , (118)
where we can infer from the normalization of the kinetic terms of the gauge
bosons (i.e. setting Ki = 1) that qi must be rational. Then, similarly as in Propo-
sition 37, we write out C∗iijCiij , with Ciij satisfying (108) from supersymmetry,
and insert the pre-factor (117) of the kinetic term. This reads
C∗iijCiij = ri
(
NiC
∗
iijCiij +NjC
∗
ijjCijj +NkΥ
j
i
∗Υ ji
)
.
Using riC∗ijjCijj = rjC
∗
iijCiij , which can be directly obtained from the result
(108), we obtain
C∗iijCiij =
ri
ωij
NkΥ
j
i
∗Υ ji (119)
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for the parametrization of Ciij that satisfies (108). For future convenience we
will take
Ciij = i,j
√
ri
ωij
(
NkΥ
j
i
∗Υ ji
)1/2
, (120)
with i,j ∈ {±} the sign introduced in Theorem 34. The other parameter, Cijj ,
can be obtained by ri → rj , i,j → j,i. This yields for the pre-factor (117) of the
kinetic term of φij :
N 2ij =
f(0)
2pi2
(
Ni
ri
ωij
+Nj
rj
ωij
+ 1
)
NkΥ
j
i
∗Υ ji =
f(0)
2pi2
1
ωij
NkΥ
j
i
∗Υ ji . (121)
prior to the scaling (103). When φij has R = 1 and therefore does not carry
a family structure (as in Figure (14b)) then the trace over the representations
where φij φ¯ij and φ¯ijφij are in, decouples from that over MM (C). Consequently,
the third term in (117) and the right hand sides of the solutions (120) and (121)
receive additional traces over family indices, i.e. NkΥ
j
i
∗Υ ji → Nk trM Υ ji ∗Υ ji .
The strategy to write Ciij in terms of parameters of building blocks of the third
type works equally well when the kinetic term of φij gets contributions from
multiple building blocks of the third type. In that case NkΥ
j
i
∗Υ ji must be re-
placed by a sum of all such terms:
∑
lNlΥ
j
i,l
∗Υ ji,l (see e.g. Section 3.4.1), where
the label l is used to distinguish the building blocks Bijl that all give a contribu-
tion to the kinetic term of φij .
There are several contributions to the action as a result of adding a building
block of the third type. The action is given by
Sijk[ζ, ζ˜] = Sf,ijk[ζ, ζ˜] + Sb,ijk[ζ˜], (122)
with its fermionic part Sf,ijk[ζ, ζ˜] reading
Sf,ijk[ζ, ζ˜] = 〈JMψij , γ5ψikφ¯jkΥ kj ∗〉+ 〈JMψij , γ5Υ ki ∗φikψjk〉
+ 〈JMψjk, γ5φ¯ijΥ ji ∗ψik〉+ 〈JMψik, γ5Υ ji φijψjk〉 (123)
+ 〈JMψik, γ5ψijΥ kj φjk〉+ 〈JMψjk, γ5φ¯ikΥ ki ψij〉.
The bosonic part of the action is given by:
Sb,ijk[ζ˜] =
f(0)
2pi2
[
Ni|Υ kj φjkφ¯jkΥ kj ∗|2 +Nj |Υ ki ∗φikφ¯ikΥ ki |2
+Nk trM (Υ
j
i
∗Υ ji )
2|φij φ¯ij |2
]
+ Sb,ij,jk[ζ˜] + Sb,ik,jk[ζ˜] + Sb,ij,ik[ζ˜], (124)
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with
Sb,ij,jk[ζ˜]
=
f(0)
pi2
[
Ni|CiijφijΥ kj φjk|2 +Nk|Υ ji φijCjkkφjk|2 + |φij |2|Υ ji ∗Υ kj φjk|2
+
(
tr φ¯jkΥ
k
j
∗(φ¯ijC∗iij)
o(Ciijφij)
oΥ kj φjk
+ tr φ¯jkC
∗
jjk(φ¯ijΥ
j
i
∗)o(Υ ji φij)
oCjjkφjk
+ tr φ¯jkΥ
k
j
∗(φ¯ijC∗ijj)
o(Υ ji φij)
oCjjkφjk + h.c.
)]
, (125)
where the traces above are over (Nk ⊗Noi )⊕M . The fact that in this context φij
hasR = 1 makes it possible to separate the trace over the family-index in the last
term of the first line of (124). A more detailed derivation of the four-scalar action
that corresponds to a building block of the third type, including the expressions
for Sb,ik,jk[ζ˜] and Sb,ij,ik[ζ˜], is given in Appendix A.3.
The expression (124) contains interactions that in form we either have seen ear-
lier (cf. (94), (112)) or that we needed but were lacking in a set up consisting only
of building blocks of the second type (cf. (113), see also the discussion in Section
3.3.3). In addition, it features terms that we need in order to have a supersym-
metric action.
We can deduce from the transformations (106) that, for the expression (123)
(i.e. the fermionic action that we have) to be part of a supersymmetric action,
the bosonic action must involve terms with the auxiliary fields Fij , Fik and Fjk
(that are available to us from the respective building blocks of the second type),
coupled to two scalar fields. We will therefore formulate the most general action
featuring these auxiliary fields and constrain its coefficients by demanding it to
be supersymmetric in combination with (123). Subsequently, we will check if
and when the spectral action (124) (after subtracting the terms that are needed
for (113)) is of the correct form to be written off shell in such a general form. This
will be done for the general case in Section 3.7.
The most general Lagrangian featuring the auxiliary fields Fij , Fik, Fjk that can
yield four-scalar terms is
Sb,ijk,off [Fij , Fik, Fjk, ζ˜] =
∫
M
Lb,ijk,off(Fij , Fik, Fjk, ζ˜)√gd4x, (126)
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with
Lb,ijk,off(Fij , Fik, Fjk, ζ˜)
= − trF ∗ijFij +
(
trF ∗ijβij,kφikφ¯jk + h.c.
)
− trF ∗ikFik +
(
trF ∗ikβ
∗
ik,jφijφjk + h.c.
)
− trF ∗jkFjk +
(
trF ∗jkβjk,iφ¯ijφik + h.c.
)
.
Here βij,k, βik,j and βjk,i are matrices acting on the generations and consequently
the traces are performed over N⊕Mj (the first two terms) and N
⊕M
k (the last four
terms) respectively. Using the Euler-Lagrange equations the on shell counterpart
of (126) is seen to be
Sb,ijk,on[ζ˜] =
∫
M
√
gd4x
(
|βij,kφikφ¯jk|2 + |β∗ik,jφijφjk|2 + |βjk,iφ¯ijφik|2
)
cf. the second and third terms of (124). We have the following result:
Theorem 43. The action consisting of the sum of (123) and (126) is supersymmetric
under the transformations (106) and (107) if and only if the parameters of the finite
Dirac operator are related via
Υ kj C
−1
jkk = −(C∗ikk)−1Υ ki , (C∗iik)−1Υ ki = −Υ ji C−1iij ,
Υ ji C
−1
ijj = −Υ kj C−1jjk. (127)
and
β′∗ij,kβ
′
ij,k = Υ
′k
j Υ
′k
j
∗ = Υ′ki Υ
′k
i
∗, β′∗ik,jβ
′
ik,j = Υ
′j
i Υ
′j
i
∗ = Υ′kj Υ
′k
j
∗,
β′∗jk,iβ
′
jk,i = Υ
′k
i Υ
′k
i
∗ = Υ′ji Υ
′j
i
∗, (128)
where
β′ij,k := N−1jk βij,kN−1ik , β′ik,j := N−1jk βik,jN−1ij , β′jk,i := N−1ij βjk,iN−1ik
and
Υ′ji := Υ
j
i N−1ij , Υ′ki := N−1ik Υ ki , Υ′kj := Υ kj N−1jk , (129)
denote the scaled versions of the βij,k’s and the Υ
j
i ’s respectively.
Proof. See Appendix A.4.3.
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For future use we rewrite (127) using the parametrization (120) for the Ciij , giv-
ing
i,j
√
ωij Υ˜
j
i = −i,k
√
ωik Υ˜
k
i , j,i
√
ωij Υ˜
j
i = −j,k
√
ωjk Υ˜
k
j ,
k,i
√
ωik Υ˜
k
i = −k,j
√
ωjk Υ˜
k
j , (130)
where we have written
Υ˜ ji := Υ
j
i (Nk tr Υ
j
i
∗Υ ji )
−1/2, Υ˜ ki := (NjΥ
k
i Υ
k
i
∗)−1/2Υ ki ,
Υ˜ kj := Υ
k
j (NiΥ
k
j
∗Υ kj )
−1/2. (131)
There is a trace over the generations in the first term because the corresponding
sfermion φij hasR = 1 and consequently no family-index. Using these demands
on the parameters, the (spectral) action from a building block of the third type
becomes much more succinct. First of all it allows us to reduce all three param-
eters of the finite Dirac operator of Definition 42 to only one, e.g. Υ ≡ Υ ji . Sec-
ond, upon using (127) the second and third lines of (125) are seen to cancel.7 If
the demands (127) and (128) are met, the on shell action (122) that arises from a
building block Bijk of the third type reads
Sijk[ζ, ζ˜,A] = gm
√
2ω1
qm
[
〈JMψ2, γ5Υ˜φ1ψ3〉+ κj〈JMψ2, γ5ψ1Υ˜φ3〉
+ κi〈JMψ3, γ5φ¯2Υ˜ψ1〉+ h.c.
]
+g2m
4ω1
qm
[
(1− ω2)|Υ˜φ1φ3|2 + (1− ω1)|Υ˜φ3φ¯2|2
+ (1− ω3)|Υ˜φ¯2φ1|2
]
. (132)
Here we used the shorthand notations ij → 1, ik → 2, jk → 3 and κj = j,ij,k,
κi = i,ji,k to avoid notational clutter as much as possible and where we have
written everything in terms of Υ˜ ≡ Υ˜ ji (as defined above), the parameter that
corresponds to the sfermion having R = 1 (and consequently also multiplicity
1). The indexm in gm and qm can take any of the values that appear in the model,
e.g. i, j or k. As with a building block of the second type there is a sign ambiguity
that stems from those of the Ciij . In addition, the terms that are not listed here
but are in (122) give contributions to terms that already appeared in the action
from building blocks of the second type. See Section 3.7 for details on this.
7More generally, this also happens for the other combinations: the four-scalar interactions of
(227) are seen to cancel those of (230)
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For notational convenience we have used two different notations for scaled vari-
ables: Υ˜ ji from (131) and Υ
′j
i from (129). Using the expression (121) for Nij in
terms of Υ ji these are related via
Υ′ki ≡ N−1ik Υ ki =
√
2pi2
f(0)
ωik
(
NjΥ
k
i Υ
k
i
∗)−1/2Υ ki ≡ gl√2ωikql Υ˜ ki , (133)
assuming that φik has R = −1. The other two scaled variables give analogous
expressions but the order of Υ and Υ∗ is reversed and the sfermion with R = 1
gets an additional trace over family indices.
Remark 44. Note that we can use this result to say something about the signs of the
Ciij appearing in a building block of the third type. We first combine all three equations
of (127) into one,
Υ kj = (−1)3(CiikC−1ikk)∗Υ kj (C−1jjkCjkk)(CijjC−1iij ),
when it is Ciij and Cijj that do not have a family structure. All these parameters are
only determined up to a sign. We will write
CiijC
−1
ijj = sij
√
niKj
njKi
gi
gj
, with sij := i,jj,i = ±1,
cf. (108), etc. which gives Υ kj = −sijsjkskiΥ kj for the relation above. So for consis-
tency either one, or all three combinations of Ciij and Cijj associated to a building block
Bij that is part of a Bijk must be of opposite sign.
Remark 45. If instead of φij it is φik or φjk that has R = 1 (see Figure 15) the demand
on the parameters Υ ji , Υ
k
i and Υ
k
j is a slightly modified version of (127):
(Υ kj C
−1
jkk)
t = −(C∗ikk)−1Υ ki , (C∗iik)−1Υ ki = −Υ ji C−1iij ,
Υ ji C
−1
ijj = −(Υ kj C−1jjk)t, (134)
whereAt denotes the transpose of the matrixA. This result can be verified by considering
Lemma 69 for these cases.
By introducing a building block of the third type we generated the interactions
that we lacked in a situation with multiple building blocks of the second type.
The wish for supersymmetry thus forces us to extend any model given by Figure
13 with a building block of the third type.
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If we again seek the analogy with the superfield formalism, then a building
block of the third type is a Euclidean analogy of an action on a Minkowskian
background that comes from a superpotential term∫ (
W({Φm})
∣∣∣
F
+ h.c.
)
d4x, with W({Φm}) = fmnpΦmΦnΦp, (135)
where Φm,n,p are chiral superfields, fmnp is symmetric in its indices [39, §5.1] and
with |F we mean multiplying by θ¯θ¯ and integrating over superspace
∫
d2θd2θ¯. To
specify this statement, we write Φij = φij+
√
2θψij+θθFij for a chiral superfield.
Similarly, we introduce Φjk and Φki. We then have that∫
M
[
ΦijΦjkΦki
]
F
+ h.c.
=
∫
M
−ψijφjkψki − ψijψjkφki − φijψjkψki
+ Fijφjkφki + φijφjkFki + φijFjkφki + h.c.
This gives on shell the following contribution8:
−
∫
M
(
ψijφjkψki + ψijψjkφki + φijψjkψki
+
1
2
|φjkφki|2 + 1
2
|φijφjk|2 + 1
2
|φkiφij |2 + h.c.
)
,
to be compared with (132). In a set up similar to that of Figure 13, but with the
chirality of one or two of the building blocks Bij , Bjk and Bik being flipped,
not all three components of DF such as in Definition 42 can still be defined, see
Figure 16. Interestingly, one can check that in such a case the resulting action
corresponds to a superpotential that is not holomorphic, but e.g. of the form
ΦijΦikΦ
†
jk instead. To see this, we calculate the action (135) in this case, giving∫
M
[
ΦijΦ
†
jkΦki
]
F
+ h.c. =
∫
M
−ψijφ∗jkψki + Fijφ∗jkφki + φijφ∗jkFki + h.c.,
which on shell equals
−
∫
M
ψijφ
∗
jkψki +
1
2
|φ∗jkφki|2 +
1
2
|φijφ∗jk|2 + h.c.
This is indeed analogous to the interactions that the spectral triple depicted in
Figure 16 (still) gives rise to.
8On a Minkowskian background the product of a superfield and its conjugate appears in the
action as F ∗ijFij , i.e. with pre-factor +1 [39, §4.3], in contrast to (98).
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Ni Nj
Noi
Noj
Nk
Nok
Figure 16: A set up similar to that of Figure 14, but
with the values of the grading reversed for
Nj ⊗ Nok and its opposite. Consequently,
only one of the three components that char-
acterize a building block of the first type
can now be defined.
3.4.1 Interaction between building blocks of the third type
Suppose we have two building blocks Bijk and Bijl of the third type that share
two of their indices, as is depicted in Figure 17. This situation gives rise to the
following extra terms in the action:
f(0)
pi2
[
Nj |φ¯jkC∗jjkCjjlφjl|2 +Ni|φ¯jkΥ kj ∗Υ lj φjl|2
+ |Υ kj φjk|2|Υ li ∗φil|2
]
+ (i↔ j)
+
f(0)
pi2
(
Ni trCiikφikφ¯jkΥ
k
j
∗Υ lj φjlφ¯ilC
∗
iil
+Nj tr Υ
k
i
∗φikφ¯jkC∗jjkCjjlφjlφ¯ilΥ
l
i + h.c.
)
, (136)
where with ‘(i↔ j)’ we mean the expression preceding it, but everywhere with
i and j interchanged. The first line of (136) corresponds to paths within the two
building blocks Bijk and Bijl (such as the ones depicted in Figure 17a) and the
second line corresponds to paths of which two of the edges come from the build-
ing blocks of the second type that were needed in order to define the building
blocks of the third type (Figure 17b).
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If we scale the fields appearing in this expression according to (103) and use the
identity (127) for the parameters of a building block of the third type, we can
write (136) more compactly as
4njrjNjg
2
j |φ¯jkφjl|2 + 4
g2m
qm
ω2ijNi|φ¯jkΥ˜k∗Υ˜lφjl|2
+ 4
g2m
qm
ω2ij |Υ˜kφjk|2|Υ˜l∗φil|2 + (i↔ j,Υ ↔ Υ∗)
+ κkκl 4
g2m
qm
(1− ωij)ωij tr Υ˜lΥ˜k∗φikφ¯jkφjlφ¯il + h.c., (137)
where κk = k,ik,j , κl = l,il,j ∈ {±1}, Υ˜k ≡ Υ˜ ji,k of Bijk and Υ˜l ≡ Υ˜ ji,l of Bijl,
as defined in (131) but with contributions from two building blocks of the third
type:
Υ˜ ji,k = Υ
j
i,k (Nk tr Υ
j
i,k
∗Υ ji,k +Nl tr Υ
j
i,l
∗Υ ji,l )
−1/2, (138a)
Υ˜ ji,l = Υ
j
i,l (Nk tr Υ
j
i,k
∗Υ ji,k +Nl tr Υ
j
i,l
∗Υ ji,l )
−1/2. (138b)
This expression can be generalized to any number of building blocks of the third
type. In addition, we have assumed that siksil = sjksjl for the products of the
relative signs between the parameters Ciik and Cikk etc. (cf. Remark 44).
These new interactions must be accounted for by the auxiliary fields. The first
and second terms are of the form (112) and should therefore be covered by the
auxiliary fieldsGi,j . The third term is of the form (113) and should consequently
be described by the combination of Gi,j and the u(1)-field H . The second line of
(136) should be rewritten in terms of the auxiliary field Fij . This can indeed be
achieved via the off shell Lagrangian
− trF ∗ijFij +
(
trF ∗ij(βij,kφikφ¯jk + βij,lφilφ¯jl) + h.c.
)
,
which on shell gives the following cross terms:
trβ∗ij,lβij,kφikφ¯jkφjlφ¯il + h.c. (139)
In form, this indeed corresponds to the second line of (137). In Section 3.7 a more
detailed version of this argument is presented.
Furthermore, it can be that there are four different building blocks of the third
type that all share one particular index —say Bikl, Bikm, Bjkl and Bjkm, sharing
index k— then there arises one extra interaction, that is of the form
Nk
f(0)
pi2
[
tr Υ mi
∗φimφ¯jmΥ
m
j Υ
l
j
∗φjlφ¯ilΥ li + h.c.
]
.
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Ni Nj Nk Nl
Noi
Noj
Nok
Nol
(a) Contributions corresponding to
paths of which all four edges are
from the building blocks Bijk
and Bijl of the third type.
Noi
Noj
Nok
Nol
Ni Nj Nk Nl
(b) Contributions corresponding to
paths of which two edges are
from building blocks Bik and
Bil of the second type.
Figure 17: In the case that there are two building blocks of the third type sharing two of
their indices, there are extra four-scalar contributions to the action. They are
given by (136).
Scaling the fields and rewriting the parameters using (130) gives
4
g2n
qn
ωikωjk tr Υ˜lΥ˜
∗
mφimφ¯jm(Υ˜
′
lΥ˜
′∗
m)
∗φjlφ¯il + h.c., (140)
where gn can equal any of the coupling constants that appear in the theory and
we have written
Υ˜m ≡ Υ ki,m (NmΥ ki,m ∗Υ ki,m +NlΥ ki,l ∗Υ ki,l )−1/2,
Υ˜′m ≡ Υ kj,m (NmΥ kj,m ∗Υ kj,m +NlΥ kj,l ∗Υ kj,l )−1/2,
and the same for m ↔ l. The path to which such an interaction corresponds,
is given in Figure 18. One can check that this interaction can only be described
off shell by invoking either one or both of the auxiliary fields Fij and Flm. This
means that in order to have a chance at supersymmetry, the finite spectral triple
that corresponds to the Krajewski diagram of Figure 18 requires in addition at
least Bij or Blm.
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Ni Nj Nk Nl Nm
Noi
Noj
Nok
Nol
Nom
Bikl
Bjkm
Bikm
Bjkl
Figure 18: When four building blocks of the third kind share one com-
mon index (in this case k) and each pair of building blocks
shares one of its two remaining indices (i, j, l or m) with
one other building block, there is an additional path that con-
tributes to the trace of D4F (including its inner fluctuations).
The interaction is given by (140).
3.5 H I G H E R D E G R E E B U I L D I N G B L O C K S ?
The first three building blocks that gave supersymmetric actions are character-
ized by one, two and three indices respectively. One might wonder whether
there are building blocks of higher order, carrying four or more indices.
Each of the elements of a finite spectral triple is characterized by one (compo-
nents of the algebra, adjoint representations in the Hilbert space), two (non-
adjoint representations in the Hilbert space) or three (components of the finite
Dirac operator that satisfy the order-one condition) indices. For each of these
elements corresponding building blocks have been identified. Any object that
carries four or more different indices (e.g. two or more off-diagonal representa-
tions, multiple components of a finite Dirac operator) must therefore be part of
more than one building block of the first, second or third type. These blocks are,
so to say, the irreducible ones.
This does not imply that there are no other building blocks left to be identified.
However, as we will see in the next section, they are characterized by less than
four indices.
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There is a possibility that we have not covered yet. The finite Hilbert space can
contain two or more copies of one particular representation. This can happen
in two slightly different ways. The first is when there is a building block B11′
of the second type, on which the same component C of the algebra acts both
on the left and on the right in the same way. For the second way it is required
that there are two copies of a particular building block Bij of the second type.
If the gradings of the representations are of opposite sign (in the first situation
this is automatically the case for finite KO-dimension 6, in the second case by
construction) there is allowed a component of the Dirac operator whose inner
fluctuations will not generate a field, rather the resulting term will act as a mass
term. In the first case such a term is called a Majorana mass term. We will cover
both of them separately.
3.6.1 Fourth building block: Majorana mass terms
The finite Hilbert space can, for example due to some breaking procedure [21,
23], contain representations
1⊗ 1′o ⊕ 1′ ⊗ 1o ' C⊕ C,
which are each other’s antiparticles, e.g. these representations are not in the
adjoint (‘diagonal’) representation, but the same component C of the algebra9
acts on them. Then there is allowed a component D 11
′
1′1 of the Dirac opera-
tor connecting the two. It satisfies the first order condition (25) and its inner
fluctuations automatically vanish. Consequently, this component does not gen-
erate a scalar, unlike the typical component of a finite Dirac operator. Writing
(ξ, ξ′) ∈ (C⊕C)⊕M (where M denotes the multiplicity of the representation) for
the finite part of the fermions, the demand of DF to commute with JF reads
(D 1
′1
11′ ξ¯, D
11′
1′1 ξ¯
′) =
(
D 11
′
1′1 ξ,D
1′1
11′ ξ
′
)
.
Using that (D ikij )
∗ = D ijik this teaches us that the component must be a sym-
metric matrix. It can be considered as a Majorana mass for the particle ψ11′
whose finite part is in the representation 1 ⊗ 1′o (cf. the Majorana mass for the
right handed neutrino in the Standard Model [23]). Then we have
9For a component R in the finite algebra this would work as well, but such a component would
not give rise to gauge interactions and is therefore unfavourable.
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1 1′
1o
1′o
Υm
Figure 19: A component of the finite Dirac
operator that acts as a Majorana
mass is represented by a dotted
line in a Krajewski diagram.
Definition 46. For an almost-commutative geometry that contains a building block
B11′ of the second type, a building block of the fourth type Bmaj consists of a compo-
nent
D 11
′
1′1 : 1⊗ 1′o → 1′ ⊗ 1o
of the finite Dirac operator. Symbolically it is denoted by
Bmaj = (0, D 11
′
1′1 ) ∈ HF ⊕ End(HF ),
where for the symmetric matrix that parametrizes this component we write Υm.
In the language of Krajewski diagrams such a Majorana mass is symbolized by
a dotted line, cf. Figure 19.
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A Bmaj adds the following to the action (51):
1
2
〈JMψ11′L, γ5Υ∗mψ11′L〉+
1
2
〈JMψ11′R, γ5Υmψ11′R〉
+
f(0)
pi2
[
|Υmφ¯11′C∗111′ |2 + |Υmφ¯11′C∗1′1′1|2
+
∑
j
(
|ΥmΥ j1′ φ1′j |2 + |Υ∗mΥ j1 ∗φ1j |2
)]
+
f(0)
pi2
∑
j
(
tr(φ¯11′C
∗
111′)
oΥmΥ
j
1′ φ1′j φ¯1jC
∗
11j
+ tr Υm(φ¯11′C
∗
1′1′1)
oC1′1′jφ1′j φ¯1jΥ
j
1
+ tr ΥmΥ
j
1′ φ1′j(φ¯11′Υ
1′
1
∗)oφ¯1jΥ
j
1 + h.c.
)
, (141)
where the traces are over (1 ⊗ 1′o)⊕M . In this expression, the first contribution
comes from the inner product. The paths in the Krajewski diagram correspond-
ing to the other contributions are depicted in Figure 20. In this set up it is φ1′j
that does not have a family index. Consequently we can separate the traces over
the family-index and that over Nj in the penultimate term of the second line of
(141). We would like to rewrite the above action in terms of Υ˜ ≡ Υ j1′ by using
the identity (134). For this we first need to rewrite the Ciij to the Cijj by employ-
ing Remark 44. Writing out the family indices of the third and fourth line of (141)
gives
tr((φ¯11′C
∗
111′)
oΥm)aφ1′j φ¯1jc(C
∗
11j(Υ
j
1′ )
t)ca
+ tr(Υm(φ¯11′C
∗
1′1′1)
o)aC1′1′jφ1′j φ¯1jc(Υ
j
1 )ca
=
√
n1Kj
njK1
g1
gj
(s1′j − s1js11′)
[
tr(φ¯11′C
∗
11′1′)
oΥmΥ
j
1′ φ1′j φ¯1jC
∗
1jj
]
, (142)
where a, b, c are family indices, sij is the product of the signs of Ciij and Cijj
(cf. the notation in Remark 44) and where we have used that Υm is a symmetric
matrix.
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1 1′
1o
1′o
Υm
(a) A path featuring edges
from a building block of the
second type.
1 1′
1o
1′o
Nj
Noj
(b) A path featuring edges
from a building block of
the third type.
1 1′
1o
1′o
Nj
Noj
(c) A path featuring edges from
building blocks of the sec-
ond and third type.
1 1′
1o
1′o
Nj
Noj
(d) A second path featuring
edges from a building block
of the third type.
Figure 20: In the case that there is a building block of the fourth type,
there are extra interactions in the action.
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Then to make things a bit more apparent, we scale the fields in (141) (with the
third and fourth line replaced by (142)) according to (103) and put in the expres-
sions for the Cijj from (120), which gives
1
2
〈JMψ11′L, γ5Υ∗mψ11′L〉+
1
2
〈JMψ11′R, γ5Υmψ11′R〉
+ 4r1|Υmφ¯11′ |2 + 2
∑
j
ω1j
(
|ΥmΥ˜j |2M |φ1′j |2 + |Υ∗mΥ˜j∗φ1j |2
)
(143)
+ κ1′κj
∑
j
2gm
√
2ω1j
qm
(
tr φ¯11′(r1 + ω1jΥ˜jΥ˜j
∗)tΥmΥ˜jφ1′j φ¯1j + h.c.
)
,
(144)
where we have written |a|2M = trM a∗a for the trace over the family-index, Υ˜j ≡
Υ˜ j1′ , and where κ1′ = 1′,j1′,1, κj = j,1′j,1 ∈ {±1}. We replaced φ¯o11′ by φ¯11′
since these coincide when φ¯11′ is a gauge singlet. Consequently, the traces are
now over 1⊕M . In addition we used the relation (134) between Υ j1 , Υ
j
1′ and
Υ 1
′
1 , the symmetry of Υm and that g1 ≡ g1′ (which follows from the set up) and
consequently r1 = r1′ and ω1′j = ω1j . In contrast to the previous case, not all
scalar interactions that appear here can be accounted for by auxiliary fields:
Lemma 47. For a finite spectral triple that contains, in addition to building blocks of
the first, second and third type, one building block of the fourth type, the only terms in
the associated spectral action that can be written off shell using the available auxiliary
fields are those featuring φ11′ or its conjugate.
Proof. The bosonic terms in (141) must be the on shell expressions of an off shell
Lagrangian that features the auxiliary fields available to us. Respecting gauge
invariance, the latter must be
− trF ∗11′F11′ −
(
trF ∗11′
(
γ11′ φ¯11′ +
∑
j
β11′,jφ1j φ¯1′j
)
+ h.c.
)
. (145)
On shell this then gives the following contributions featuring φ11′ and its conju-
gate:
|γ11′ φ¯11′ |2 +
∑
j
(
tr γ11′ φ¯11′φ1′j φ¯1jβ
∗
11′,j + h.c.
)
,
which corresponds at least in form to all bosonic terms of (143), except the sec-
ond term of the second line.
104 S U P E R S Y M M E T R I C N O N C O M M U TAT I V E G E O M E T R I E S
We can use an argument similar to the one we used for building blocks of the
third type:
Lemma 48. The action consisting of the fermionic terms of (143) and the terms of (145)
that do not feature β11′,j or its conjugate is supersymmetric under the transformations
(107) iff
γ∗11′γ11′ = Υ
∗
mΥm (146)
and the gauginos represented by the black vertices in Figure 20a that have the same
chirality are associated with each other.
Proof. See Section A.4.4.
Combining the above two Lemmas, then gives the following result.
Proposition 49. The action (143) of a single building block of the fourth type breaks
supersymmetry only softly via
2
∑
j
ω1j
(
|ΥmΥ˜j |2M |φ1′j |2 + |Υ∗mΥ˜j∗φ1j |2
)
iff
r1 =
1
4
and ω1jΥ˜jΥ˜j
∗ =
(
− 1
4
± κ1′κj
2
)
idM , (147)
where the latter should hold for all j appearing in the sum in (141). Here κ1′ = 1′,j1′,1
and κj = j,1′j,1 ∈ {±1}.
Proof. To prove this, we must match the coefficients of the contribution (143) to
the spectral action from a building block B11′ to those of the auxiliary fields (145).
This requires
γ11′ = 2
√
r1e
iφγΥm,
κ1′κj2gm
√
2ω1j
qm
(r1 idM +ω1jΥ˜jΥ˜j
∗)tΥmΥ˜j = γ11′(β
∗
11′,j)
t (148)
for all j, where eiφγ denotes the phase ambiguity left in Υm from (146) and where
we have used the symmetry of Υm. From supersymmetry γ11′ is in addition
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constrained by (146), which requires the first relation of (147) to hold. For the
building block B11′j to have a supersymmetric action we demand
β∗11′,j = gm
√
2ω1j
qm
e−iφβj (Υ˜j)
t,
which can be obtained by combining the demand (128) with the relation (133),
but keeping Remark 45 in mind since it is φ1′j that does not have a family in-
dex. As is with Υm, the demand (128) determines β11′,j only up to a phase φβj .
Comparing this with the second demand of (148), inserting (146) and using the
symmetry of Υm, we must have
φγ = φβj mod pi, 2(r1 idM +ω1jΥ˜jΥ˜j
∗) = ±κ1′κj2√r1 idM .
Inserting the first relation of (147), its second relation follows. The second term
of the second line of (143) cannot be accounted for by the auxiliary fields at hand,
which establishes the result.
It is not per se impossible to write all of (143) off shell in terms of auxiliary fields,
but to avoid the obstruction from Lemma 47 at least requires the presence of
mass terms for the representation φ1j and φ1′j such as the ones that are discussed
in the next section.
3.6.2 Fifth building block: ‘mass’ terms
If there are two building blocks of the second type with the same indices —say
i and j— but with different values for the grading, we are in the situation as
depicted in Figure 21. On the basis[
(Ni ⊗Noj)L ⊕ (Nj ⊗Noi )R ⊕ (Ni ⊗Noj)R ⊕ (Nj ⊗Noi )L
]⊕M
, (149)
the most general finite Dirac operator that satisfies the demand of self-adjointness,
the first order condition (25) and that commutes with JF is of the form
DF =

0 0 µi + µ
o
j 0
0 0 0 (µoi )
∗ + µ∗j
µ∗i + (µ
∗
j )
o 0 0 0
0 µoi + µj 0 0
 (150)
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Ni Nj
Noi
Noj µ
ψijL
ψ′ijR
φij
φ′ij
Figure 21: The case with two building blocks of the second
type that have the same indices but an opposite
grading; a component of the finite Dirac operator
mapping between the two copies will generate a
mass-term, indicated by the dotted line with the ‘µ’.
with µi ∈ MNiM (C) and µj ∈ MNjM (C). The inner fluctuations for general
such matrices µi,j will generate scalar fields in the representations MNi,j (C). If
we want these components to result in mass terms in the action, we should re-
strict them both to only act non-trivially on possible generations, i.e. for a sin-
gle generation the components are equal to a complex number. We will write
µ := µi + µ
o
j ∈MM (C) for the restricted component.
This gives rise to the following definition.
Definition 50. For a finite spectral triple that contains building blocks B±ij and B∓ij of
the second type (both with multiplicity M ), a building block of the fifth type is a
component of DF that runs between the representations of the two building blocks and
acts only non-trivially on the M copies. Symbolically:
Bmass,ij = (0, D ijRijL ) ∈ HF ⊕ End(HF ).
We denote this component with µ ∈MM (C).
If for convenience we restrict to the upper signs for the chiralities of the building
blocks and write
(ψijL, ψijR, ψ
′
ijR, ψ
′
ijL)
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for the elements of L2(M,S ⊗HF ) on the basis (149) (where the first two fields
are associated to B+ij and the last two to B−ij), then the contribution of (150) to the
fermionic action reads
Sf,mass[ζ] =
1
2
〈J(ψijL, ψijR, ψ′ijR, ψ
′
ijL), γ
5DF (ψijL, ψ
′
ijR, ψijR, ψ
′
ijL)〉
= 〈JMψijR, γ5µψ′ijR〉+ 〈JMψ
′
ijL, γ
5µ∗ψijL〉. (151)
Let φ and φ′ be the sfermions that are associated to B+ij and B−ij respectively, then
the extra contributions to the spectral action as a result of adding this building
block are given by
Sb,mass[ζ˜]
=
f(0)
pi2
(Ni|µ∗Ciijφij |2 +Nj |µ∗Cijjφij |2 +Ni|µC ′iijφ′ij |2 +Nj |µC ′ijjφ′ij |2)
+
f(0)
pi2
∑
k
[
Ni trµ
∗φ¯′ijC
′∗
iijCiikφikφ¯jkΥ
k
j
∗
+Nj tr φ¯
′
ijC
′∗
ijj µ
∗Υ ki
∗φikφ¯jkC∗jjk + h.c.
+
(
Nj trM (µµ
∗Υ ki
∗Υ ki )|φik|2 +Ni|µΥ kj φjk|2
)]
, (152)
where the second and third lines arise in a situation where for some k, Bijk is
present. The paths corresponding to these expressions are depicted in Figure 22.
Here, the Ciij with a prime correspond to the components of the Dirac operator
of B−ij . We assume that they also satisfy (108). In this context φik does not have a
family-index and consequently we could separate the traces in the first term of
the third line of (152).
In a similar way as with the building block of the fourth type we can rewrite the
second line of (152) using Remarks 44 and 45, giving
f(0)
pi2
[
Ni tr(φ¯
′
ijC
′∗
iij)aCiikφikφ¯jkb(Υ
k
j
∗(µ∗)t)ba
+Nj tr(φ¯
′
ijC
′∗
ijj)a (µ
∗Υ ki
∗)acφikφ¯jkb(C∗jjk)bc + h.c.
]
= sjk
(
Niri +Njrj√
njnkgjgk
)
tr φ¯′ijC
′∗
ijjµ
∗Υ ki
∗φikφ¯jkC∗jkk + h.c. (153)
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Ni Nj Nk
Noi
Noj
Nok
µ
φ¯jkC
∗
jjk
φ¯′ijC
′∗
ijj
Υ ki
∗φik
(a) A path with µ, featuring edges from
a building block of the second and
third type.
Ni Nj Nk
Noi
Noj
Nok
µ
Υ kj φjk
Υ ki
∗φik
(b) A path with µ, featuring only edges
from building blocks of the third and
fifth type.
Figure 22: In the case of a building block of the fifth type, there are various extra contri-
butions to the action, depending on the content of the finite spectral triple.
Replacing the second line of (152) with (153) and then scaling the fields and
rewriting Υ ji and Υ
k
j in terms of Υ
k
i ≡ Υ using the identities (134), reduces the
bosonic contribution (152) to
2(1− ωij)
(|µ∗φij |2 + |µφ′ij |2)
+ 2
∑
k
[
κjgl(1− ωij)
√
2ωik
ql
tr φ¯′ijµ
∗Υ˜∗φikφ¯jk + h.c.
+ ωik
(
Nj |Υµ|2M |φik|2 +Ni|µΥ˜φjk|2
)]
, (154)
where we have again employed the notation |a|2M = trM a∗a for the trace over
the family-index and used that sjkj,ik,j = j,ij,k ≡ κj ∈ {±}. The index l can
take any of the values that appear in the model.
Here we have a similar result as in the previous section:
Lemma 51. For a finite spectral triple that contains, in addition to building blocks of
the first, second and third type, one building block of the fifth type, the only terms in
the associated spectral action that can be written off shell are those featuring φij , φ′ij or
their conjugates.
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Proof. In order to rewrite the first terms of (154) in terms of auxiliary fields, we
must introduce an interaction featuring one auxiliary field F and one sfermion.
Since φij and φ′ij are in the same representation of the algebra, we can choose
whether to couple φij to Fij (corresponding to B+ij) or to F ′ij (corresponding to
B−ij). The same holds for φ′ij . Transforming the fermions in (151) according to
(106) suggests that, in order to have a chance at supersymmetry, we must couple
F ′ij to φij and Fij to φ
′
ij . We thus write
− trF ∗ijFij − trF ′∗ij F ′ij −
(
trF ∗ijδ
′
ijφ
′
ij + trF
′∗
ij δijφij + h.c.
)
(155)
with δij , δ′ij ∈MM (C). This yields on shell |δijφij |2 + |δ′ijφ′ij |2, which is indeed of
the same form as the first two terms in (154). In the case that there is a building
block Bijk of the third type present, the extra contributions to the action must
come from the cross terms of
− trF ∗ijFij − trF ′∗ij F ′ij −
[
trF ∗ij
(
δ′ijφ
′
ij + βij,kφikφ¯jk
)
+ trF ′∗ij δijφij + h.c.
]
where the interaction with βij,k corresponds to the second term of (126). On shell
this gives us the additional interaction
tr φ¯′ijδ
′∗
ijβij,kφikφ¯jk + h.c. (156)
In form, this indeed coincides with the second line of (154). The last two terms
of (154) do not appear here and consequently they cannot be addressed using
the auxiliary fields that are available to us when having only building blocks of
the first, second and third type.
Similar as with the previous building blocks we can check what the demands
for off shell supersymmetry are.
Lemma 52. The action consisting of the fermionic action (151) and the off shell action
(155) is supersymmetric under the transformations (107) if and only if
δδ∗ = µ∗µ, δ′δ′∗ = µµ∗. (157)
Proof. See Section A.4.5.
Combining the above lemmas gives the following result for a building block of
the fifth type.
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Proposition 53. For a finite spectral triple that contains, in addition to building blocks
of the first, second and third type, one building block of the fifth type, the action of a
single building block of the fifth type breaks supersymmetry only softly via
ωik
(
Nj |Υ˜µ|2M |φik|2 +Ni|µΥ˜φjk|2
)
iff
ωij =
1
2
and the product of the possible phases of δ′∗ and βij,k (cf. (157) and (128) respectively)
is equal to j,ij,k.
Proof. This follows from comparing the spectral action (154) with the off shell
action (155) and using the demands (157) and (128).
The form of the soft breaking term suggests that, in order to let it be part of
a truly supersymmetric action, we have the following necessary requirement.
Each two building blocks of the second type that are connected to each other via
an edge of a building block of the third type, both need to have a building block
of the fifth type defined on them. In the case above this would have been φik
and φjk.
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Our aim is to determine whether the total action that corresponds to an almost-
commutative geometry consisting of various of the five identified building blocks,
is supersymmetric. More than once we used the following strategy for that. First,
we identified the off shell counterparts for the contributions of trF Φ4 to the (on
shell) spectral action, using the available auxiliary fields and coefficients whose
values were undetermined still. Second, we derived constraints for these coeffi-
cients based on the demand of having supersymmetry for the fermionic action
and this off shell action. Finally, we should check if the off shell interactions cor-
respond on shell to the spectral action again, when their coefficients satisfy the
constraints that supersymmetry puts on them. If this is the case then the action
from noncommutative geometry is an on shell counterpart of an off shell action
that is supersymmetric.
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In the previous sections we have experienced multiple times that the pre-factors
of all bosonic interactions can get additional contributions when extending the
almost-commutative geometry. As was stated before, we should therefore as-
sess whether or not the demands from supersymmetry on the coefficients are
satisfied for the final model only. In this section we will present an overview
of all four-scalar interactions that have appeared previously, from which build-
ing blocks their pre-factors get what contributions and which demands hold for
them. We identify several such demands, thus constructing a checklist for super-
symmetry.
1. To have supersymmetry for a building block Bij of the second type, the
components of the finite Dirac operator should satisfy (108), after scaling
them. For a single building block of the second type this demand can only
be satisfied for Ni = Nj and M = 4 (Proposition 37). When Bij is part of a
building block of the third type the demand is automatically satisfied via
the solution (120).
2. A necessary requirement to have supersymmetry for any building block
Bijk of the third type (Section 3.4), is that the scaled parameters of the
finite Dirac operator that make up such a building block satisfy
ωjkΥ˜
k
j
∗Υ˜ kj = ωikΥ˜
k
i
∗Υ˜ ki = ωijΥ˜
j
i
∗Υ˜ ji =: Ω
∗
ijkΩijk. (158)
This relation can be obtained from (130), multiplying each term with its
conjugate. For notational convenience we have introduced the variable
Ω∗ijkΩijk.
3. Terms ∝ |φij φ¯ij |2 appear for the first time with a building block of the
second type ((94) in Section 3.3) but also get contributions from a building
block Bijk of the third type (first term of (124)). The total expression reads
f(0)
2pi2
[
Ni|C∗iijCiijφij φ¯ij |2 +Nj |C∗iijCijjφij φ¯ij |2
+
∑
k
Nk|Υ ji,k ∗Υ ji,k φij φ¯ij |2
]
→ 2g
2
i
qi
∣∣∣∣(Nir2i + αij∑
k
Nk(Ω
∗
ijkΩijk)
2
)1/2
φij φ¯ij
∣∣∣∣2
+ 2
g2j
qj
∣∣∣∣(Njr2j + (1− αij)∑
k
Nk(Ω
∗
ijkΩijk)
2
)1/2
φij φ¯ij
∣∣∣∣2,
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upon scaling the fields. Here we have introduced a parameter αij ∈ R
that tells how any new contributions are divided over the initial two. Such
terms can only be described off shell using the auxiliary fields Gi and Gj
(cf. Lemma 32) via
− 1
2ni
trGi
(
Gi + 2niPiφij φ¯ij
)− 1
2nj
trGj
(
Gj + 2nj φ¯ijPjφij
)
,
which on shell equals
ni
2
|Piφij φ¯ij |2 + nj
2
|φ¯ijPjφij |2,
cf. (99). Comparing this with the above expression sets the coefficients Pi
and Pj :
ni
2
P2i = 2
g2i
qi
(
Nir
2
i + αij
∑
k
Nk(Ω
∗
ijkΩijk)
2
)
,
nj
2
P2j = 2
g2j
qi
(
Njr
2
j + (1− αij)
∑
k
Nk(Ω
∗
ijkΩijk)
2
)
,
where there is an additional trace over the last terms if φij has no family
index. If the action is supersymmetric then (108) can be used with Ki =
Kj = 1 and the above relations read
ri
4
= Nir
2
i + αij
∑
k
Nk tr[(Ω
∗
ijkΩijk)
2],
rj
4
= Njr
2
j + (1− αij)
∑
k
Nk tr[(Ω
∗
ijkΩijk)
2], (159)
when φij has no family index and
ri
4
idM = Nir
2
i idM +αij
∑
k
Nk(Ω
∗
ijkΩijk)
2,
rj
4
idM = Njr
2
j idM +(1− αij)
∑
k
Nk(Ω
∗
ijkΩijk)
2, (160)
when it does. Here we have used that ri = qini.
4. An interaction ∝ |φijφjk|2 can receive contributions in two different ways;
one comes from a building block Bijk of the third type (132), the other
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comes from two adjacent building blocks Bijl and Bjkl (first and second
term of (137), but occurs only for particular values of the grading):
g2m
4ωij
qm
(1− ωik)|Υ˜ ji,k φijφjk|2
+ 4
(
njrjNjg
2
j |φijφjk|2 +
g2m
qm
ωijωjkNl|Υ˜ ji,l φijΥ˜ kj,l φjk|2
)
.
From this, however, we need to subtract the value njg2j |φijφjk|2 that is
expected from the cross term
− trGj
(Pj,iφ¯ijφij + Pj,kφjkφ¯jk),
that should already be there when the almost-commutative geometry con-
tains B±ij and B∓jk but nevertheless does not appear in the spectral action
(see Section 3.3.3 and the discussion above Theorem 73). The remaining
terms must be accounted for by
− trF ∗ikFik +
(
trF ∗ikβ
′∗
ik,jφijφjk + h.c.
)
(161)
which equals
tr φ¯jkφ¯ijβ
′
ik,jβ
′∗
ik,jφijφjk
on shell. Since βik,jβ∗ik,j is positive definite we can also write the above as
|(β′ik,jβ′∗ik,j)1/2φijφjk|2.
Comparing the above relations, the off shell action (161) corresponds on
shell to the spectral action, iff
β′ik,jβ
′∗
ik,j
= g2m
4ωij
qm
(1− ωik)Υ˜ ji,k ∗Υ˜ ji,k − njg2j idM
+ 4
(
njrjNjg
2
j idM +
g2m
qm
ωijωjkNl(Υ˜
j
i,l Υ˜
k
j,l )
∗(Υ˜ ji,l Υ˜
k
j,l )
)
,
where we have assumed that it is φij not having a family structure. Fur-
thermore, from the demand of supersymmetry β′ik,j must satisfy
β′ik,jβ
′∗
ik,j = g
2
m
2ωij
qm
Υ˜ ji
∗Υ˜ ji ≡ 2
g2m
qm
Ω∗ijkΩijk
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i.e. (128),10 but with Υ′ replaced by Υ˜ using (133). Combining the above
two relations, we require that
2g2m
qm
Ω∗ijkΩijk
= 4
g2m
qm
(1− ωik)Ω∗ijkΩijk − njg2j idM
+ 4
(
njrjNjg
2
j idM +
g2m
qm
ωijωjkNl(Υ˜
j
i,l Υ˜
k
j,l )
∗(Υ˜ ji,l Υ˜
k
j,l )
)
,
using the notation introduced in (158). Setting m = j in particular, this
reduces to
2(1− 2ωik)Ω∗ijkΩijk − rj idM
+ 4
(
Njr
2
j idM +ωijωjkNl(Υ˜
j
i,l Υ˜
k
j,l )
∗(Υ˜ ji,l Υ˜
k
j,l )
)
= 0. (162)
5. The interaction ∝ trφikφ¯jkφjlφ¯il only appears in the case of two adjacent
building blocks Bijk and Bijl of the third type (cf. the Lagrangian (137)).
Equating this term to (139) that appears from the auxiliary field Fij , gives
κkκl4
g2m
qm
(1− ωij)ωij tr Υ˜lΥ˜k∗φikφ¯jkφjlφ¯il + h.c.
= trβ′∗ij,lβ
′
ij,kφikφ¯jkφjlφ¯il + h.c.,
with κk = k,ik,j , κl = l,il,j . From the demand of supersymmetry β′∗ij,l
and β′ij,k should satisfy (128). Their phases, if any, must be opposite mod-
ulo pi for the action to be real. We write φkl for the remaining sign ambigu-
ity. Inserting these demands above and using (133) requires that κkκl4ωij(1−
ωij) = 2φklωij for this interaction to be covered by the auxiliary field Fij .
This has two solutions, the only acceptable of which is
φkl = κkκl, ωij =
1
2
=⇒ riNi + rjNj = 1
2
, (163)
where we have used (118).
6. From the spectral action interactions ∝ |φij |4 only appear in the context of
a building block of the second type as
f(0)
pi2
|Ciijφij |2|Cijjφij |2 → 4g
2
l
ql
rirj |φij |4,
10In fact, in (128) the variables are in reversed order compared to here but looking at (281) —from
which the former is derived— one sees immediately that this also holds.
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see (90). Via the auxiliary fields on the other hand they appear in two ways;
from the Gi,j and via the u(1)-field H (see Lemma 32 for both). The latter
give on shell the contributions(Q2ij
2
− ni P
2
i
2Ni
− nj
P2j
2Nj
)
|φij |4,
where the minus-signs stem from the identity (101) between the genera-
tors T ai,j of su(Ni,j). Demanding supersymmetry, P2i must equal g2i and
similarly P2j = g2j . In order for the interactions from the spectral action to
equal the above equation, Q2ij is then set to be
Q2ij =
g2l
ql
(
8rirj +
ri
Ni
+
rj
Nj
)
. (164)
In the case that φij has family indices, the expressions for P2i,j and Q2ij
must be multiplied with the M ×M identity matrix idM .
7. Interactions ∝ |φij |2|φjk|2 (having one common index j) appear via the
spectral action in two different ways. First of all from two adjacent build-
ing blocks Bij and Bjk of the second type (cf. (113)), and secondly from a
building block of the third type (second line of (124)). This gives
f(0)
pi2
(
|Cijjφij |2|Cjjkφjk|2 + |φij |2|Υ ji ∗Υ kj φjk|2
)
→ 4g
2
l
ql
(
r2j |φij |2|φjk|2 + ωjkωij |φij |2|Υ˜ ji ∗Υ˜ kj φjk|2
)
,
where we have assumed φij not to have a family-index. We can write this
as
4
g2l
ql
∣∣φij∣∣2∣∣(r2j idM +ωijωjk(Υ˜ ji ∗Υ˜ kj )∗Υ˜ ji ∗Υ˜ kj )1/2φjk∣∣2.
From the auxiliary fields these terms can appear via Gj (with coefficients
Pj,i and Pj,k, i.e. as in (114)) and via the u(1)-field H with coefficients Qij
and Qjk:[
QijQjk − nj Pj,iPj,k
Nj
]
|φij |2|φjk|2.
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Equating the terms from the spectral action and those from the auxiliary
fields, and inserting the values for the coefficients Pj,i, Pj,k (from (108)),
Qij and Qjk (from (164)) that we obtain from supersymmetry, we require(
2rirj +
ri
4Ni
+
rj
4Nj
)(
2rjrk +
rj
4Nj
+
rk
4Nk
)
idM
=
[(
r2j +
rj
4Nj
)
idM +ωijωjk(Υ˜
j
i
∗Υ˜ kj )
∗Υ˜ ji
∗Υ˜ kj
]2
. (165)
8. There are interactions ∝ |φik|2|φjl|2 and ∝ |φjk|2|φil|2 that arise from two
adjacent building blocks Bijk and Bijl of the third type. The first of these
is given by
4
g2m
qm
|(ωikΥ˜ ki,j Υ˜ ki,j ∗)1/2φik|2|(ωjlΥ˜ lj,i ∗Υ˜ lj,i )1/2φjl|2,
see (137). Since the interactions are characterized by four different indices,
the auxiliary fields Gi cannot account for these and consequently they
should be described by the u(1)-field H :
|Q1/2ik φik|2|Q1/2jl φjl|2.
In order for the spectral action to be written off shell we thus require that
QikQjl = 4g
2
m
qm
ΩijkΩ
∗
ijkΩ
∗
ijlΩijl.
With Qik and Qjl being determined by (164) from the demand of super-
symmetry, we can infer from this that for the squares of these expressions
we must have(
2rirk +
ri
4Ni
+
rk
4Nk
)
idM = ΩijkΩ
∗
ijk,(
2rjrl +
rj
4Nj
+
rl
4Nl
)
idM = Ω
∗
ijlΩijl. (166)
9. As was already covered in Section 3.6.1, a building block Bmaj of the fourth
type only breaks supersymmetry softly iff
r1 =
1
4
and ω1jΥ˜jΥ˜j
∗ =
(
− 1
4
± κ1′κj
2
)
idM (167)
(see Proposition 49), where the latter should hold for each building block
B11′j of the third type. Here κ1′ , κj ∈ {±1}.
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10. Covered in Section 3.6.2, a building block Bmass,ij of the fifth type also
breaks supersymmertry only softly iff
ωij =
1
2
, (168)
see Proposition 53.
To be able to say whether an almost-commutative geometry that is built out of
building blocks of the first to the fifth type has a supersymmetric action then
entails checking whether all the relevant relations above are satisfied.
3.7.1 Applied to a single building block of the third type
We apply a number of the demands above to the case of a single building block
of the third type (and the building blocks of the second and first type that are
needed to define it) to see whether this possibly exhibits supersymmetry. We
will assume that ψij has R = −1 (and consequently no family index), but of
course we could equally well have taken one of the other two (see e.g. Remark
45). The generalization of Remark 36 for the expressions of the ri that results
from normalizing the gauge bosons’ kinetic terms is
ri =
3
2Ni +Nj +MNk
, rj =
3
Ni + 2Nj +MNk
,
rk =
3
M(Ni +Nj) + 2Nk
.
For the first of the demands of the previous section, (158), one of the three terms
that are equated to each other reads
ωikΥ˜
k
i Υ˜
k
i
∗ ≡ ωik(NjΥ ki Υ ki ∗)−1/2Υ ki Υ ki ∗(NjΥ ki Υ ki ∗)−1/2
=
ωik
Nj
idM = ωikΥ˜
k
i
∗Υ˜ ki ,
where we have used the definition (131) of Υ˜ ki . Similarly,
ωjkΥ˜
k
j
∗Υ˜ kj =
ωjk
Ni
idM and ωijΥ˜
j
i
∗Υ˜ ji =
ωij
Nk
Υ ji
∗Υ ji (tr Υ
j
i
∗Υ ji )
−1
for the other two. Equating these, we obtain:
ωik
Nj
idM =
ωjk
Ni
idM =
ωij
Nk
Υ ji
∗Υ ji (tr Υ
j
i
∗Υ ji )
−1, (169)
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i.e. Υ ji is constrained to be proportional to a unitary matrix. Taking the trace
gives the demand
M
ωik
Nj
= M
ωjk
Ni
=
ωij
Nk
. (170)
Given the expressions for ri,j,k above, we can test whether this demand admits
solutions. Indeed, we find
Ni = Nj = Nk ≡ N, M = 1 ∨ 2. (171)
In the first case we find that
riNi = rjNj = rkNk =
3
4
, ωij = ωik = ωjk = −1
2
,
whereas in the second case we have
riNi = rjNj =
3
5
, rkNk =
1
2
, ωij = −1
5
, ωik = ωjk = − 1
10
.
Next, we have the demand (159) to ensure that terms of the form |φij φ¯ij |2 can
be written off shell in a supersymmetric manner. In this context it reads
ri
4
= Nir
2
i + αijNkω
2
ij tr[(Υ˜
j
i
∗Υ˜ ji )
2],
rj
4
= Njr
2
j + αjiNkω
2
ij tr[(Υ˜
j
i
∗Υ˜ ji )
2],
for φij (where the trace in the last term comes from the fact that φij does not
have family indices) and
rk
4
idM = Nkr
2
k idM +αkjNiω
2
jk(Υ˜
k
j
∗Υ˜ kj )
2,
rj
4
idM = Njr
2
j idM +αjkNiω
2
jk(Υ˜
k
j
∗Υ˜ kj )
2,
rk
4
idM = Nkr
2
k idM +αkiNjω
2
ik(Υ˜
k
i Υ˜
k
i
∗)2,
ri
4
idM = Nir
2
i idM +αikNjω
2
ik(Υ˜
k
i Υ˜
k
i
∗)2,
3.7 C O N D I T I O N S F O R A S U P E R S Y M M E T R I C S P E C T R A L A C T I O N 119
for φjk and φik respectively. Here we have written αji = 1 − αij , etc. We can
remove all variables Υ˜ ji , Υ˜
k
i and Υ˜
k
j by using the squares of the expressions in
(169). This gives
Niri
4
= (Niri)
2 + αijNk
ω2jk
Ni
M,
Njrj
4
= (Njrj)
2 + αjiNk
ω2ik
Nj
M,
Nkrk
4
= (Nkrk)
2 + αkjNk
ω2jk
Ni
,
Njrj
4
= (Njrj)
2 + αjkNi
ω2ik
Nj
,
Nkrk
4
= (Nkrk)
2 + αkiNk
ω2ik
Nj
,
Niri
4
= (Niri)
2 + αikNj
ω2jk
Ni
,
where the M in the first line above comes from taking the trace over idM . Com-
paring the expressions featuring the same combinations riNi, rjNj , rkNk and
using (170) we must have that
αijNkM = αikNj , (1− αjk)Ni = (1− αik)Nj , (1− αij)NkM = αjkNi.
Since both solutions (171) to the relation (170) have Ni = Nj = Nk, this solves
αij =
1
2
, αik =
1
2
M, αjk =
1
2
M
and the demands above reduce to
Niri = 4(Niri)
2 + 2ω2jkM, Njrj = 4(Njrj)
2 + 2ω2ikM,
Nkrk = 4(Nkrk)
2 + ω2ik(4− 2M).
We can check that for neither of the two cases of (171) these are satisfied. As a
cross check of this result we will employ one more demand.
In the context of a single building block of the third type the demand (162) that
is necessary to write terms of the form |φijφjk|2 off shell in a supersymmetric
manner, reduces to
2(1− 2ωik)ωik = rjNj , 2(1− 2ωjk)ωjk = riNi,
2(1− 2ωij)ωijΥ ji ∗Υ ji = rkNk idM tr Υ ji ∗Υ ji .
We can use (170) to rewrite the last equation in terms of ωik or ωjk. In any way,
the LHS are seen to be negative for all values of ωij , ωik and ωjk allowed by the
solutions (171), whereas riNi, rjNj and rkNk are necessarily positive. We thus
get a contradiction.
A single building block of the third type (together with the building blocks
needed to define it) is thus not supersymmetric.

4
S O F T S U P E R S Y M M E T RY B R E A K I N G 1
Already shortly after the advent of supersymmetry it was realized [98] that if
it is a real symmetry of nature, then the superparters should be of equal mass.
This, however, is very much not the case. If it were, we should have seen all
the sfermions and gauginos that feature in the Minimal Supersymmetric Stan-
dard Model (MSSM, e.g. [39]) in particle accelerators by now. In the context
of the MSSM we need [55] a supersymmetry breaking Higgs potential to get
electroweak symmetry breaking and give mass to the SM particles. Somehow
there should be a mechanism at play that breaks supersymmetry. Over the years
many mechanisms have been suggested that break supersymmetry and explain
why the masses of superpartners should be different at low scales. Ideally this
should be mediated by a spontaneous symmetry breaking mechanism, such as
D-term [80] or F -term [45] supersymmetry breaking. But phenomenologically
such schemes are disfavoured, for they require that ‘in each family at least one
slepton/squark is lighter than the corresponding fermion’ [39, §9.1].
Alternatively, supersymmetry can be broken explicitly by means of a supersym-
metry breaking Lagrangian. In order for the solution to the hierarchy problem
that supersymmetry provides to remain useful, the terms in this supersymme-
try breaking Lagrangian should be soft [51]. This means that such terms have
couplings of positive mass dimension, not yielding the quadratically divergent
loop corrections that would spoil the solution to the hierarchy problem (the enor-
mous sensitivity of the Higgs boson mass to perturbative corrections) that super-
symmetry provides.
4.1 S O F T S U P E R S Y M M E T R Y B R E A K I N G
Consider a simple gauge group G, a set of scalar fields {φα, α = 1, . . . , N}, all
in a representation of G, and gauginos λ = λaT a, with T a the generators of G.
1The contents of this chapter are based on [8].
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Then the most general renormalizable Lagrangian that breaks supersymmetry
softly is given [53] by
Lsoft = −φ∗α(m2)αβφβ +
(
1
3!
Aαβγφαφβφγ − 1
2
Bαβφαφβ + Cαφα + h.c.
)
− 1
2
(Mλaλa + h.c.), (172)
where the combinations of fields should be such that each term is gauge invari-
ant. This expression contains the following terms:
 mass terms for the scalar bosons φα. For the action to be real, the matrix
m2 should be self-adjoint;
 trilinear couplings, proportional to a symmetric tensor Aαβγ of mass di-
mension 1;
 bilinear scalar interactions via a matrix Bαβ of mass dimension two;
 for gauge singlets there can be linear couplings, with Cα ∈ C having mass
dimension three;
 gaugino mass terms, with M ∈ C.
It is important to note that the Lagrangian (172) corresponds to a theory that
is defined on a Minkowskian background. Performing a Wick transformation
t→ iτ for the time variable to translate it to a theory on a Euclidean background,
changes all the signs in (172):
LEsoft = φ∗α(m2)αβφβ −
(
1
3!
Aαβγφαφβφγ − 1
2
Bαβφαφβ + Cαφα + h.c.
)
+
1
2
(Mλaλa + h.c.). (173)
This expression can easily be extended to the case of a direct product of simple
groups, but its main purpose is to give an idea of what soft supersymmetry
breaking terms typically look like.
4.2 S O F T S U P E R S Y M M E T R Y B R E A K I N G T E R M S F R O M T H E S P E C T R A L A C -
T I O N
As was mentioned at the end of Section 1.3.2, we have to settle with the terms
in the action that the spectral action principle provides us. The question at hand
4.2 S O F T S U P E R S Y M M E T R Y B R E A K I N G T E R M S F R O M T H E S P E C T R A L A C T I O N 123
is thus whether noncommutative geometry can give us terms needed to break
the supersymmetry. In Chapter 3 we have disregarded the second to last term
(∝ Λ2) in the expansion (51) of the spectral action. Here we will take this term
into account.2
In the following sections we will check for each of the terms in (173) if it can
also occur in our action (34) (with (51) for the expansion of the spectral action)
in the context of the building blocks. We will denote scalar fields generically by
φij ∈ C∞(M,Ni ⊗Noj), fermions by ψij ∈ L2(M,S ⊗Ni ⊗Noj) and gauginos
by λi ∈ L2(M,S ⊗MNi(C)), with MNi(C)→ su(Ni) after reducing the gaugino
degrees of freedom (Section 3.2.1).
4.2.1 Scalar masses (e.g. Higgs masses)
Terms that describe the masses of the scalar particles such as the first term of
(173) are known [67, §5.4] to originate from the square of the finite Dirac operator
(c.f. (51)). In terms of Krajewski diagrams these contributions are given by paths
such as depicted in Figure 23.
Ciij
Cijj
Ni Nj
Noi
Noj
Figure 23: A building block of the second type that
defines a fermion–sfermion pair (ψij , φij).
Contributions to the mass term of the
sfermion correspond to paths going back
and forth on an edge, as is depicted on the
top edge.
2As in Chapter 3, but on contrast to Chapter 2, we will assume the backgroundM to be flat. This
excludes (possible) supersymmetry breaking interactions from the term ∝ R trF Φ2 in the action
(49).
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Then the contribution to the action from a building block of the second type is:
− 1
2pi2
Λ2f2 trF Φ
2 = − 1
2pi2
Λ2f2
(
4Ni|Ciijφij |2 + 4Nj |Cijjφij |2
)
(174)
where Ni,j are the dimensions of the representations Ni,j and φij is the field
that is generated by the components of DF parametrized by Ciij and Cijj . Their
expression depends on which building blocks are present in the spectral triple.
In the case that there is a building blockBijk of the third type present (parametrized
by —say— Υ ji , Υ
k
i and Υ
k
j acting on family-space), we can both get the cor-
rect fermion–sfermion–gaugino interaction and a normalized kinetic term for
the sfermion φij by on the one hand setting Ciij and Cijj according to (120). On
the other hand we scale the sfermion according to (103) with Nij in that expres-
sion given by (121). There is an extra contribution from trF Φ2 to |φij |2 compared
to that of the building block of the second type. This contribution corresponds
to paths going back and forth over the rightmost and bottommost edges in Fig-
ure 14. In the parametrizations (120) and upon scaling according to (103) these
together yield
− 1
2pi2
Λ2f2
(
4Ni|Ciijφij |2 + 4Nj |Cijjφij |2 + 4Nk|Υ ji φij |2
)
→ −4Λ2 f2
f(0)
|φij |2, (175)
and similar expressions for |φik|2 and |φjk|2. Interestingly, the pre-factor for this
contribution is universal, i.e. it is completely independent from the representa-
tion Ni ⊗Noj the scalar resides in.
Note that, for Λ ∈ R and f(x) a positive function (as is required for the spec-
tral action) in both cases the scalar mass contributions are of the wrong sign,
i.e. they have the same sign as a Higgs-type scalar potential would have. The
result would be a theory whose gauge group is broken maximally. We will see
that, perhaps counterintuitively, we can escape this by adding gaugino-masses.
4.2.2 Gaugino masses
Having a building block of the first type, that consists of two copies of MN (C)
for a particular value ofN , allows us to define a finite Dirac operator whose two
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components map between these copies, since both are of opposite grading. On
the basisHF = MN (C)L ⊕MN (C)R this is written as
DF =
(
0 G
G∗ 0
)
, G : MN (C)R →MN (C)L,
since it needs to be self-adjoint. This form for DF automatically satisfies the
order one condition (25) and the demand JD = DJ (see (23)) translates into
G = JG∗J∗. If we want this to be a genuine mass term it should not generate
any scalar field via its inner fluctuations. For this G must be a multiple of the
identity and consequently we write G = M idN , M ∈ C. This particular pre-
factor is dictated by how the term appears in (173).
For the fermionic action we then have
1
2
〈J(λL, λR), γ5DF (λL, λR)〉 = 1
2
M〈JMλR, γ5λR〉+ 1
2
M〈JMλL, γ5λL〉,
(176)
where (λL, λR) ∈ H+ = L2(S+ ⊗MN (C)L) ⊕ L2(S− ⊗MN (C)R), with S± the
space of left- resp. right-handed spinors. This indeed describes a gaugino mass
term for a theory on a Euclidean background (cf. [23], equation 4.52).
A gaugino mass term in combination with building blocks of the second type
(for which two gaugino pairs are required), gives extra contributions to the spec-
tral action. From the set up as is depicted in Figure 24, one can see that trD4F
receives extra contributions coming from paths that traverse two edges repre-
senting a gaugino mass and two representing the scalar φij . In detail, the extra
contributions are given by:
f(0)
8pi2
trF Φ
4 =
f(0)
pi2
(
Ni|Mi|2|Ciijφij |2 +Nj |Mj |2|Cijjφij |2
)
→ 2
(
riNi|Mi|2 + rjNj |Mj |2
)
|φij |2. (177)
upon scaling the fields.
This means that there is an extra contribution to the scalar mass terms, that is
of opposite sign (i.e. positive) as compared to the one from the previous section.
When
2riNi|Mi|2 + 2rjNj |Mj |2 > 4 f2
f(0)
Λ2,
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Ni Nj
Noi
Noj
Mi
Mj
Figure 24: A building block of the second type that defines a fermion–sfermion
pair (ψij , φij), dressed with mass terms for the corresponding gaugi-
nos (dashed edges, labeled by Mi,j).
then the mass terms of the sfermions have the correct sign, averting the prob-
lem of a maximally broken gauge group that was mentioned in the previous
section. Comparing this with the expression for the Higgs mass(es) raises inter-
esting questions about the physical interpretation of this result. In particular, if
we would require the mass terms of the sfermions and Higgs boson(s) to have
the correct sign already at the scale Λ on which we perform the expansion of the
spectral action, this seems to suggest that at least some gaugino masses must be
very large.
Note that a gauge singlet ψsin ∈ L2(M,S⊗1⊗1′o) (such as the right-handed neu-
trino) can be dressed with a Majorana mass matrix Υm in family space (see [23,
§2.6] and Figure 25). This yields extra supersymmetry breaking contributions:
f(0)
8pi2
tr
[
4(C111′φsin)Υm(C111′φsin)M
+ 4(C11′1′φsin)Υm(C11′1′φsin)M ′
]
+ h.c.
→ r1(M +M ′) tr Υmφ2sin + h.c. (178)
where M and M ′ denote the gaugino masses of the two one-dimensional build-
ing blocks B1, B1′ of the first type respectively and the trace is over family space.
This expression is independent of whether there are building bocks of the third
type present.
Note furthermore that the gaugino masses do not give rise to mass terms for the
gauge bosons. In the spectral action such terms could come from an expression
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featuring both DA = iγµDµ and DF twice. We do have such a term in (51) but
since it appears with a commutator between the two and since we demanded
the gaugino masses to be a multiple of the identity inMN (C), such terms vanish
automatically. (In contrast, the Higgs boson does generate mass terms for the
W±- and Z-bosons, partly since the Higgs is not in the adjoint representation.)
4.2.3 Linear couplings
The fourth term of (173) can only occur for a gauge singlet, i.e. the representation
1⊗1o (or, quite similarly, the representation 1⊗1o). The only situation in which
such a term can arise is with a building block of the second type — defining a
fermion–sfermion pair (ψsin, φsin) and their antiparticles (see Figure 25). More-
over in this case a Majorana mass Υm is possible, that does not generate a new
field.
1 1′
1o
1′o
Υm
M
M ′
Figure 25: A building block of the second type that defines a gauge singlet
fermion–sfermion pair (ψsin, φsin). Moreover, a Majorana mass term
Υm is possible.
Any such term in the spectral action must originate from a path in this Krajewski
diagram consisting of either two or four steps (corresponding to the second and
fourth power of the Dirac operator), ending at the same vertex at which it started
(if it is to contribute to the trace) and traversing an edge labeled by φsin only once.
From the diagram one readily checks that such a contribution cannot exist.
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4.2.4 Bilinear couplings
If a bilinear coupling (such as the third term in (173)) is to be a gauge singlet, the
two fields φij and φ′ij appearing in the expression should have opposite finite
representations, e.g. φij ∈ C∞(M,Ni ⊗ Noj), φ′ij ∈ C∞(M,Nj ⊗ Noi ). We will
rename φ′ij → φ¯′ij for consistency with Section 3.6.2. The building blocks of the
second type by which they are defined are depicted in Figure 26.
Ni Nj
Noi
Noj ψijL
ψ′ijL
φij
φ′ij
Mi
Mj
(a) When the gradings of the repre-
sentations are equal.
Mi
Mj
Ni Nj
Noi
Noj µ
ψijL
ψ′ijR
φij
φ′ij
(b) When the gradings of the repre-
sentations differ.
Figure 26: Two building blocks of the second type defining two fermion–
sfermion pairs (ψij , φij) and (ψ′ij , φ′ij) in the same representation.
The gradings of both representations are either the same (left image of Figure
26), or they are of opposite eigenvalue (the right image). A contribution to the
action that resembles the third term in (173) needs to come from paths in the
Krajewski diagram of Figure 26 consisting of either two or four steps, ending in
the same point as where they started and traversing an edge labeled by φij and
φ′ij only once.
One can easily check that in the left image of Figure 26 no such paths exist. In the
second case (right image of Figure 26), however, there arises the possibility of a
component µ of the finite Dirac operator that maps between the vertices labeled
by ψij and ψ′ij (and consequently also between ψij and ψ
′
ij). This corresponds
to a building block of the fifth type (Section 3.6.2). There is a contribution to the
action (via trD4F ) that comes from loops traversing both an edge representing a
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gaugino mass and one representing µ. If the component µ is parameterized by a
complex number, then the contribution is
f(0)
8pi2
(
8Ni trMiφ¯ijC
∗
iijµC
′
iijφ
′
ij + 8Nj trMj φ¯ijC
∗
ijjµC
′
ijjφ
′
ij
)
+ h.c.
→ 2(riNiMi + rjNjMj)µ tr φ¯ijφ′ij + h.c., (179)
where the traces are over N⊕Mj , with M the number of copies of Ni ⊗Noj . This
indeed yields a bilinear term such as the third one of (173).
4.2.5 Trilinear couplings
Trilinear terms such as the second term of (173) might appear in the spectral
action. For that we need three fields φij ∈ C∞(M,Ni ⊗Noj), φjk ∈ C∞(M,Nj ⊗
Nok) and φik ∈ C∞(M,Ni ⊗ Nok), generated by the finite Dirac operator. Such
a term can only arise from the fourth power of the finite Dirac operator3 which
is visualized by paths in the Krajewski diagram consisting of four steps, three
of which correspond to a component that generates a scalar field, the other one
must be a term that does not generate inner fluctuations, e.g. a mass term. Non-
gaugino fermion mass terms were already covered in Sections 3.6.1 and 3.6.2
and were seen to generate potentially supersymmetric trilinear interactions, so
the mass term must be a gaugino mass.
If the component of the finite Dirac operator that does not generate a field is a
gaugino mass term (mapping between —say— MNi(C)R and MNi(C)L), then
two of the three components that do generate a field must come from building
blocks of the second type, since they are the only ones connecting to the adjoint
representations. If we denote the non-adjoint representations from these build-
ing blocks by Ni⊗Noj and Ni⊗Nok then we can only get a contribution to trD4F
if there is a component of DF connecting these two representations. If Nj = Nk,
such a component could yield a mass term for the fermion in the representation
Ni ⊗Noj , and we revert to the previous section. If Nj 6= Nk then the remaining
component ofDF must be part of a building block of the third type, namely Bijk.
This situation is depicted in Figure 27. It gives rise to three different trilinear in-
teractions corresponding to the paths labeled by arrows in the figure. Each of
these three paths actually represents four contributions: one can traverse each
path in the opposite direction, and for each path one can reflect it around the
diagonal, giving another path with the same contribution to the action.
3Here we assume that each component of the finite Dirac operator generates only a single field,
instead of —say— two composite ones.
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Ni Nj
Noi
Noj
Mi
Mj
Nk
Nok Mk
Υ kj
Υ ki
Υ ji
Figure 27: A situation in which there are three building blocks Bi,j,k of the first
type (black vertices), three building blocks Bij,jk,ik of the second type
and a building block Bijk of the third type. Adding gaugino masses
(dashed edges) gives rise to trilinear interactions, corresponding to
the paths in the diagram marked by arrows.
Calculating the spectral action we get for each building block Bijk of the third
type the contributions
f(0)
pi2
(
NiMi tr Υ
k
j φjkφ¯ikC
∗
iikCiijφij +NjMj trCjjkφjkφ¯ikΥ
k
i Cijjφij
+NkMk trCjkkφjkφ¯ikC
∗
ikkΥ
j
i φij
)
+ h.c. (180)
where all traces are over N⊕Mj . A careful analysis of the demand for supersym-
metry in this context (see Section 3.4) requires the parameters Υ ji , Υ
k
i and Υ
k
j
to be related via (130), where Ciij and Cijj act trivially on family space if φij is
assumed to have R = 1. From this relation we have deduced in Remark 44 that
sijsiksjk = −1 for the product of the three signs sij := i,jj,i, sik, sjk. If we
replace Ciik → Cikk, Ciij → Cijj , Cjjk → Cjkk and Cijj → Ciij in the first two
terms of (180) using (120), employ (130), then (180) can be written as
f(0)
pi2
(
NiMi
ri
rk
+NjMj
rj
rk
+NkMk
)
trCjkkφjkφ¯ikC
∗
ikkΥ
j
i φij + h.c.
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We then scale the sfermions according to (103), again using (120) for Cjkk and
C∗ikk to obtain
2κkgl
√
2
ωij
ql
(
riNiMi + rjNjMj + rkNkMk
)
tr Υ˜φijφjkφ¯ik + h.c., (181)
where we have written
Υ˜ := Υ ji (Nk tr Υ
j
i
∗Υ ji )
−1/2
(cf. (131)) for the scaled version of the parameter Υ ji , κk := k,jk,i and the index
l can take any of the values that appear in the theory.
4.3 C O N C L U S I O N
We have now considered all terms featuring in (173). At the same time the reader
can convince himself that this exhausts all possible terms that appear via trD4F
and feature a gaugino mass. As for the fermionic action, a component of DF
mapping between two adjoint representations can give gaugino mass terms
(176). As for the bosonic action, any path of length two contributing to the trace
and featuring a gaugino mass, cannot feature other fields. In contrast, a path of
length four in a Krajewski diagram involving a gaugino mass can feature:
 only that mass, as a constant term (see the comment at the end of this
section);
 two times the scalar from a building block of the second type, when going
in one direction (177);
 two times the scalar from a building block of the second type, when going
in two directions and when a Majorana mass is present (only possible for
singlet representations, (178));
 two scalars from two different building blocks of the second type having
opposite grading in combination with a building block of the fifth type
(179).
 three scalars, partly originating from a building block of the second type
and partly from one of the third type (181).
Furthermore, via trD2F there are contributions to the scalar masses from build-
ing blocks of the second and third type (174). We can combine the main results
of the previous sections into the following theorem.
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Theorem 54. All possible terms that break supersymmetry softly and that can originate
from the spectral action (51) of an almost-commutative geometry consisting of building
blocks are mass terms for scalar fields and gauginos and trilinear and bilinear couplings.
More precisely, the most general Lagrangian that softly breaks supersymmetry and re-
sults from almost-commutative geometries is of the form
LNCGsoft = L(1) + L(2) + L(3) + L(4) + L(5), (182)
where
L(1) = 1
2
Mi〈JMλiR, γ5λiR〉+ 1
2
Mi〈JMλiL, γ5λiL〉 (183a)
for each building block Bi of the first type,
L(2) = 2
(
riNi|Mi|2 + rjNj |Mj |2 − 2 f2
f(0)
Λ2
)
|φij |2, (183b)
for each building block Bij of the second type for which there is at least one building block
Bijk of the third type present (knowing that a single Bij cannot be supersymmetric by
itself, Section 3.3),
L(3) = 2κkgl
√
2
ωij
ql
(
riNiMi + rjNjMj + rkNkMk
)
tr Υ˜φijφjkφ¯ik + h.c.,
(183c)
for each building block Bijk of the third type,
L(4) = r1(M +M ′) tr Υmφ2sin + h.c. (183d)
for each building block Bmaj of the fourth type (with the trace over a possible family
index), and
L(5) = 2(riNiMi + rjNjMj)µ tr φ¯ijφ′ij + h.c. (183e)
for each building block Bmass of the fifth type.
It should be remarked that the building blocks of the fourth and fifth type typi-
cally already provide soft breaking terms of their own (see Section 3.6).
Interestingly, all supersymmetry breaking interactions that occur are seen to be
generated by the gaugino masses (except the ones coming from the trace of the
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square of the finite Dirac operator) and each of them can be associated to one
of the five supersymmetric building blocks. Note that the gaugino masses give
rise to extra contributions that are not listed in (182). For each gaugino mass Mi
there is an additional contribution
LMi =
f(0)
4pi2
|Mi|4 − f2
pi2
Λ2|Mi|2.
Since such contributions do not contain fields, they are not breaking supersym-
metry, but might nonetheless be interesting from a gravitational perspective.

5
T H E N O N C O M M U TAT I V E M S S M ( N C M S S M ) 1
In this chapter we turn our attention to the minimal supersymmetric Standard
Model (MSSM, see Section 1.2.1), phenomenologically the most important ex-
ample of (N = 1) supersymmetry. We apply the formalism that was developed
in Chapter 3 to explore the possibilities for obtaining the particle content and
action of the MSSM. In that chapter we already saw that the building blocks do
not automatically imply that the corresponding action is also supersymmetric.
We will shortly review the possible obstacles for a supersymmetric action that
we have come across. These are the following:
 the three obstructions from Remarks 26 and 35 and Proposition 41 con-
cerning the set up of the almost-commutative geometry. The first excludes
a finite algebra that is equal to C with the corresponding building block
B1, since it lacks gauge interactions and thus cannot be supersymmetric.
The second excludes a finite algebra consisting of two summands that are
both matrix algebras over C in the presence of only building blocks of the
second type whose off-diagonal representations in the Hilbert space have
R-parity equal to−1. The third obstruction says that for an algebra consist-
ing of three or more summands MNi,j,k(C) we cannot have two building
blocks Bij and Bik of the second type that share one of their indices. To
avoid this obstruction, we can maximally have two components of the al-
gebra that are a matrix algebra over C.
 to obtain the fermion–sfermion–gaugino interactions needed for a super-
symmetric action, the parameters Ciij and Cijj of the finite Dirac operator
associated to a building block Bij of the second type —that read C˜i,j and
C˜j,i after normalizing the kinetic terms of the sfermions— should satisfy
(108). In that condition i,j and j,i are signs that we are free to choose, and
the Ki,j are the pre-factors of the kinetic terms of the gauge bosons that
correspond to the building blocks Bi,j of the first type and should be set
to 1 to give normalized kinetic terms (the consequences of this will be re-
viewed at the end of Section 5.2). Similarly, when a building block Bijk of
1The contents of this chapter are based on [9].
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the third type is present, its fermionic interactions can only be part of a su-
persymmetric action if the parameters Υ ji , Υ
k
i and Υ
k
j of the finite Dirac
operator satisfy (127) when Ni ⊗Noj inHF has R = −1 or (134) when it is
Ni⊗Nok or Nj⊗Nok. For any building block of the third type it is necessary
that either one or all three representations Ni⊗Noj , Ni⊗Nok and Nj ⊗Nok
in the Hilbert space have R-parity −1.
 for the four-scalar interactions to have an off shell counterpart that satisfies
the constraints supersymmetry puts on them, the coefficients of the inter-
actions with the auxiliary fields Gi, H and Fij should satisfy the demands
listed in Section 3.7.
For each almost-commutative geometry that one defines in terms of the build-
ing blocks, we should explicitly check that the obstructions are avoided and the
appropriate demands are satisfied.
In the next section we will list the basic properties of the almost-commutative
geometry that is to give the MSSM, including the building blocks it consists of
and show that this set up avoids the three possible obstructions from the first
item in the list above. To confirm that we are on the right track we identify all
MSSM particles and examine their properties in Section 5.2. Finally, in Section
5.3 we will confront our model with the demands from Section 3.7. Throughout
this chapter, we will a priori allow for a number of generations other than 3.
5.1 T H E B U I L D I N G B L O C K S O F T H E M S S M
We start by listing the properties of the finite spectral triple that, when part of
an almost-commutative geometry, should correspond to the MSSM.
1. The gauge group of the MSSM is (up to a finite group) the same as that of
the SM. In noncommutative geometry there is a strong connection between
the algebraA of the almost-commutative geometry and the gauge group G
of the corresponding theory. There is more than one algebra that may yield
the correct gauge group (Lemma 12) but any supersymmetric extension of
the SM also contains the SM particles, which requires an algebra that has
the right representations (see just below the aforementioned Lemma). This
motivates us to take the Standard Model algebra:
AF ≡ ASM = C⊕H⊕M3(C). (184)
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Note that with this choice we already avoid the third obstruction for a
supersymmetric theory from the first item in the list above, since only two
of the summands of this algebra are defined over C.
In the derivation [23] of the SM from noncommutative geometry the au-
thors first start with the ‘proto-algebra’
AL,R = C⊕HL ⊕HR ⊕M3(C) (185)
(cf. [23, §2.1]) that breaks into the algebra above after allowing for a Ma-
jorana mass for the right-handed neutrino [23, §2.4]. Although we do not
follow this approach here, we do mention that this algebra avoids the same
obstruction too.
2. As is the case in the NCSM, we allow four inequivalent representations of
the components of (184): 1, 1, 2 and 3. Here 1 denotes the real-linear rep-
resentation pi(λ)v = λ¯v, for v ∈ 1.2 This results in only three independent
forces —with coupling constants g1, g2 and g3— since the inner fluctua-
tions of the canonical Dirac operator acting on the representations 1 and 1
of C are seen to generate only a single u(1) gauge field [23, §3.5.2] (see also
Section 5.2.2).
3. If we want a theory that contains the superpartners of the gauge bosons,
we need to define the appropriate building blocks of the first type (cf. Sec-
tion 3.2). In addition, we need these building blocks to define the super-
partners of the various Standard Model particles. We introduce
B1, B1R , B1¯R , B2L , B3, (186)
whose representations in HF all have R = −1 to ensure that the gauginos
and gauge bosons are of opposite R-parity. The Krajewski diagram that
corresponds to these building blocks is given in Figure 28a. For reasons
that will become clear later on, we have two building blocks featuring the
representation 1, and one featuring 1. We distinguish the first two by giv-
ing one a subscript R. This notation is not related to R-parity but instead
is inspired by the derivation of the Standard Model where, in terms of
the proto-algebra (185), the component C is embedded in the component
HR via λ → diag(λ, λ¯). The initially two-dimensional representation 2R
of this component (making the right-handed leptons and quarks doublets)
2Keep in mind that we ensure the Hilbert space being complex by defining it as a bimodule of
the complexificationAC ofA, rather than ofA itself [21].
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thus breaks up into two one-dimensional representations 1R and 1¯R (cor-
responding to right-handed singlets).
At this point we thus have too many fermionic degrees of freedom, but
these will be naturally identified to each other in Section 5.2.
4. For each of the Standard Model fermions3 we define the corresponding
building block of the second type:
B−1R1 : (νR, ν˜R), B−1¯R1 : (eR, e˜R), B
+
2L1
: (lL, l˜L), (187a)
B−1R3 : (uR, u˜R), B−1¯R3 : (dR, d˜R), B
+
2L3
: (qL, q˜L). (187b)
Of each of the representations in the finite Hilbert space we will take M
copies representing theM generations of particles, also leading toM copies
of the sfermions. We can always take M = 3 in particular. Each of these
fermions has R = +1. We do the same for representations in which the SM
Higgs resides:
B1R2L : (hu, h˜u), B1¯R2L : (hd, h˜d), (187c)
save that their representations in the Hilbert space haveR = −1 and conse-
quently we take only one copy of both. For the two Higgs/higgsino build-
ing blocks we can choose the grading still. We will set them both to be
left-handed and justify that choice later.
The Krajewski diagram that corresponds to these building blocks is given
by Figure 28b.
The fact that there is at least one building block B1j , j = 1¯R, 2L, 3, avoids
the first of the three obstructions for a supersymmetric theory mentioned
in the first item of the list above.
The building blocks introduced above fully determine the finite Hilbert
space. For concreteness, it is given by
HF = HF,R=+ ⊕HF,R=−, (188)
3In the strict sense the Standard Model does not feature a right handed neutrino (nor does the
MSSM), but allows for extensions that do. On the other hand the more recent derivations of the SM
from noncommutative geometry naturally come with a right-handed neutrino. We will incorporate
it from the outset, always having the possibility to discard it should we need to.
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withHF,R=± (cf. (76)) reading
HF,R=+ =
(E ⊕ Eo)⊕M , E = (2L ⊕ 1R ⊕ 1R)⊗ (1⊕ 3)o
HF,R=− = F ⊕ Fo, F = (1⊗ 1o)⊕2 ⊕ 1⊗ 1o ⊕ 2⊗ 2o
⊕ 3⊗ 3o ⊕ (1R ⊕ 1R)⊗ 2oL.
Here E contains the finite part of the left- and right-handed leptons and
quarks. The first four terms of F represent the u(1), su(2) and su(3) gaugi-
nos and the last term the higgsinos. For the (MS)SM the number of gener-
ations M is equal to 3.
5. In terms of the ‘proto-algebra’ (185) the operator
R = −(+,−,−,+)⊗ (+,−,−,+)o
gives the right values for R-parity to all the fermions: R = +1 for all the
SM-fermions, R = −1 for the higgsino-representations that are in 2R ⊗ 2oL
before breaking to (1R ⊕ 1R)⊗ 2oL.
Since there is at least one building block of the second type whose represen-
tation in the finite Hilbert space has R = +1, also the second obstruction
for a supersymmetric theory mentioned above is avoided.
6. The MSSM features additional interactions, such as the Yukawa couplings
of fermions with the Higgs. In the superfield formalism, these are deter-
mined by a superpotential. Its counterpart in the language of noncommu-
tative geometry is given by the building blocksBijk of the third type. These
should at least contain the Higgs-interactions of the Standard Model (but
with the distinction between up- and down-type Higgses). The values of
the grading on the representations in the finite Hilbert space are such that
they allow us to extend the Higgs-interactions to the following building
blocks:
B11R2L , B11¯R2L , B1R2L3, B1¯R2L3. (189)
The four building blocks Bijk, are depicted in Figure 28c. (For conciseness
we have omitted here the building blocks of the first type and the compo-
nents of DF from the building blocks of the second type.)
Note that all components of D+, the part of DF that anticommutes with
R, that are allowed by the principles of NCG are in fact also non-zero now.
This is in contrast with those ofD−, on which the (ad hoc) requirement (37)
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(see [23, §2.6]). The reason for this is to keep the photon massless and to
get the interactions of the SM. Requiring the same for the entire finite Dirac
operator would forbid the majority of the components that determine the
sfermions, not requiring it at all would lead to extra, non-supersymmetric
interactions such as 1¯⊗1o → 3⊗1o. Thus, we slightly change the demand,
reading
[D−,CF ] = 0. (190)
Relaxing this demand does not lead to a photon mass since it only affects
the sfermions that have R = −1 whereas any photon mass would arise
from the kinetic term of the Higgses, having R = +1.
At this point we can justify the choice for the grading of the up- and down-
type higgsinos. If the grading of any of the two would have been of op-
posite sign, none of the building blocks of the third type that feature that
particular higgsino could have been defined. The interactions that are still
possible then cannot be combined into building blocks of the third type,
which is an undesirable property. It corresponds to a superpotential that is
not holomorphic (see Section 3.4).
7. Having a right-handed neutrino in 1R ⊗ 1o, that is a singlet of the gauge
group, we are allowed to add a Majorana mass for it via
Bmaj (191)
such as in Section 3.6.1. This is represented by the dotted diagonal line in
Figure 28d. The building block is parametrized by a symmetric M ×M–
matrix ΥR.
Summarizing things, the finite spectral triple of the almost-commutative geom-
etry that should yield the MSSM then reads
B1 ⊕ B1R ⊕ B1¯R ⊕ B2 ⊕ B3 ⊕ B+1R2L ⊕ B+1¯R2L
⊕ B−1R1 ⊕ B−1¯R1 ⊕ B
+
2L1
⊕ B−1R3 ⊕ B−1¯R3 ⊕ B
+
2L3
⊕ B11R2L ⊕ B11¯R2L ⊕ B1R2L3 ⊕ B1¯R2L3 ⊕ Bmaj (192)
One of its properties is that all components that are not forbidden by the prin-
ciples of NCG and the additional demand (190) are in fact also non-zero, save
for the supersymmetry-breaking gaugino masses of Chapter 4, that we will not
cover here.
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11 2 3
1
o
2o
1o
3o
λ′0L,R
~λL,R
g′L,R
λ′′0L,R
λ0L,R
(a) Blocks of the first type.
11 2 3
1
o
2o
1o
3o dR qL
uR
νR
eR
lL
h˜u
h˜d
(b) Blocks of the second type. Each
white off-diagonal node corre-
sponds to a SM (anti)particle.
11 2 3
1
o
2o
1o
3o dR
qLuR
νR
eR
lL
hu hd
Υν
Υe
Υu
Υd
(c) Blocks of the third type,
parametrized by the Yukawa
matrices Υν,e,u,d.
11 2 3
1
o
2o
1o
3o
νR
ΥR
(d) The block of the fourth type,
representing a Majorana mass
for the right-handed neutrino.
Figure 28: All building blocks that together represent the particle content and
interactions of the MSSM.
Remark 55. Running ahead of things a bit already we note that there is an important
difference with the MSSM. In the superfield-formalism there is an interaction that reads
µHd ·Hu, (193)
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where Hu,d represent the up-/down-type Higgs/higgsino superfields [39, §8.3]. Suppose
that B+1R2L and B+1¯R2L indeed describe the up- and down-type Higgses and higgsinos.
Because their vertices are on different places in the Krajewski diagram and in addition
they have the same value for the grading, there is no building block of the fifth type
possible that would be the equivalent of (193). Moreover, in the MSSM there is a soft
supersymmetry-breaking interaction
Bµhd · hu + h.c.
In this framework also such an interaction can only be generated via a building block of
the fifth type (in combination with gaugino masses, see Section 4.2.4). Not having these
interactions would at least leave several of the tree-level mass-eigenstates that involve
the Higgses massless [39, §10.3]. We can overcome this problem by adding two more
building blocks B1R2L and B1¯R2L of the second type whose values of the grading are
opposite to the ones previously defined. With these values no additional components for
the finite Dirac operator are possible, except for two building blocks of the fifth type
that run between the representations of B±1R2L and between those of B±1¯R2L . If we then
identify the degrees of freedom of B+1R2L to those of B−1¯R2L and those of B
+
1¯R2L
to those
of B−1R2L , this would give us the interactions that correspond to the term (193). The
additions to the finite spectral triple (192) that correspond to these steps are given by
B−1R2L ⊕ B−1¯R2L ⊕ Bmass,1R2L ⊕ Bmass,1¯R2L . (194)
This situation is depicted in Figure 29.
We proceed by ensuring that we are indeed talking about the noncommutative
counterpart of the MSSM by identifying the MSSM particles and checking that
the number of fermionic and bosonic degrees of freedom are the same.
5.2 I D E N T I F I C AT I O N O F PA R T I C L E S A N D S PA RT I C L E S
5.2.1 The gauge group and hypercharges
To justify the nomenclature we have been using in the previous section we need
to test the properties of the new particles by examining how they transform
under the gauge group (e.g. [92, §7.1]). We do this by transforming elements
of the finite Hilbert space and finite Dirac operator under the gauge group ac-
cording to (48), but using for the gauge group the definition (78), featuring the
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µ
Figure 29: The extra building blocks of the second
type featuring a Higgs/higgsino-pair and
the building blocks of the fifth type that are
consequently possible.
R-parity operator. Since we haveHF,R=+ = HF,SM , the space that describes the
SM fermions, this determinant gives
SU(ASM ) = {(λ, q,m) ∈ U(1)× SU(2)× U(3), [λ det(m)]4M = 1}. (195)
The factor M again represents the number of particle generations and stems
from the fact that the algebra acts trivially on family-space. Unitary quaternions
q automatically have determinant 1 and consequently all contributions to the
determinant come from
Eo = (1⊕ 3)⊗ (2L ⊕ 1R ⊕ 1R)o
defined above, instead of from E . The power 4 = 2 + 1 + 1 above comes from
the second part of the tensor product on which the unitary elements U(A) act
trivially. From (195) we infer that the U(1)-part of SU(ASM ) (the part that com-
mutes with all other elements) is given by
{(λ, 1, λ−1/313), λ ∈ U(1)} ⊂ SU(ASM ). (196)
This part determines the hypercharges of the particles; these are given by the
power with which λ acts on the corresponding representations. This result makes
the identification of the fermions that have R = +1 exactly the same as in the
case of the SM ([23, §2.5]). Applying it to the gaugino and higgsino sectors of the
Hilbert space, we find that:
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 there are the gauginos g˜ ∈ 3 ⊗ 3o whose traceless part transforms as g˜ →
v¯g˜vt, with v¯ ∈ SU(3) (i.e. it is in the adjoint representation of SU(3)) and
whose trace part transforms trivially;
 there are the gauginos W˜ ∈ 2⊗ 2o whose traceless part transforms accord-
ing to W˜ → qW˜ q∗ with q ∈ SU(2) (i.e. the adjoint representation of SU(2))
and whose trace part transforms trivially;
 the higgsinos in 1R ⊗ 2Lo and 1¯R ⊗ 2Lo transform in the representation 2
of SU(2) and have hypercharge +1 and −1 respectively;
 the gauginos in 1⊗ 1o, 2⊗ 2o and 3⊗ 3o all have zero hypercharge.
The new scalars, parametrized by the finite Dirac operator, generically transform
as Φ → UΦU∗. In particular, we separately consider the elements U = uJuJ∗
with u = (λ, 1, λ−1/313), (1, q, 1) and (1, 1, v¯). This gives the following:
 with u = (λ, 1, λ−1/313) we find for the hypercharges of the various sfermions:
q˜L :
1
3 , u˜R :
4
3 , d˜R : − 23 ,
l˜L : −1, ν˜R : 0, e˜R : −2.
The conjugates are found to carry the opposite charge.
 with u = (1, q, 1) we find the following sfermions that transform non-
trivially: q˜L and l˜L, each coming in M generations.
 with u = (1, 1, v) we find the following sfermions that transform in the
fundamental representation of SU(3): q˜L, u˜R and d˜R, each coming in M
generations.
This completes the identification of the new elements in the theory with the
gauginos, higgsinos and sfermions of the MSSM.
5.2.2 Unimodularity in the MSSM
Having identified the particles there is one other thing to check; that the number
of bosonic and fermionic degrees of freedom are indeed the same. We can quite
easily see that at least initially this is not the case for the following reason. In
order to be able to define the building blocks B−
1R1
, B−
1R3
and B+
1R2L
of the sec-
ond type (describing the right-handed (s)electron and (s)quark and down-type
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Higgs/higgsino respectively), we defined the building blocks B1 and B1R of the
first type. Each provides extra u(1) fermionic degrees of freedom, but no bosonic
ones (see below). In addition, the gaugino W˜ contains a trace part, whereas the
corresponding gauge boson does not.
We will employ the unimodularity condition (77) to reduce the bosonic degrees
of freedom on the one hand and see what its consequences are, using the super-
symmetry transformations.
First of all, we note that the inner fluctuations on the 1 and 1 give rise to only
one u(1) gauge field (cf. [23, §15.4]). Initially there are
Λ = iγµ
∑
j
λj∂µλ
′
j , and Λ
′ = iγµ
∑
j
λ¯j∂µλ¯
′
j ,
but since Λ must be self-adjoint (as /∂M is), Λµ = i
∑
j λj∂µλ
′
j is real-valued.
Consequently Λ′µ(x) = −Λµ(x) and they indeed generate the same gauge field.
But via the supersymmetry transformations this also means that
δΛ ∝ δΛ′,
i.e. the corresponding gauginos whose finite parts are in 1⊗1o and 1⊗1o should
be associated to each other.
Second, the inner fluctuations of the quaternions H generate an su(2)-valued
gauge field. This can be seen as follows. The quaternions form a real algebra,
spanned by {12, iσa}, with σa the Pauli matrices. Since /∂M commutes with the
basis elements, the inner fluctuations∑
j
qj [/∂M , q
′
j ], qj , q
′
j ∈ C∞(M,H)
can again be written as a quaternion-valued function, i.e. of the form∑
j
fj0[/∂Mf
′
j0] + fja[/∂M , if
′
jaσ
a]
for certain fj0, f ′j0, fja, f
′
ja ∈ C∞(M,R). Using that [/∂M , x]∗ = −[/∂M , x∗], only
the second term above, which we will denote with Q, is seen to satisfy the de-
mand of self-adjointness for the Dirac operator. Since the Pauli matrices are trace-
less, the self-adjoint inner fluctuations of H are automatically traceless as well.
Using the supersymmetry transformations on the gauge field Q, we demand
that tr δQ = 0, which sets the trace of the corresponding gaugino and auxiliary
field equal to zero.
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Third, the inner fluctuations of the component M3(C) of the algebra generate a
gauge field
V ′ =
∑
j
mj [/∂,m
′
j ], mj ,m
′
j ∈M3(C).
Because DA is self-adjoint V ′ must be too and hence V ′(x) ∈ u(3). We can em-
ploy the unimodularity condition (77), which forHF given by (188) reads
4M(Λ + trV ′) = 0.
The contributions to this expression again only come from Eo and the factor
4 = 2+1 +1 arises from the gauge fields acting trivially on the second part of its
tensor product. The inner fluctuations of the quaternions do not appear in this
expression, since they are traceless. A solution to the demand above is
V ′ = −V − 1
3
Λ id3, (197)
with V (x) ∈ su(3). The sign of V is chosen such that the interactions match those
of the Standard Model [23, §3.5].
In order to introduce coupling constants into the theory, we have to redefine the
fields at hand:
Λµ ≡ g1Bµ, Qµ ≡ g2Wµ, Vµ ≡ g3gµ.
Note that we parametrize the gauge fields differently than in [23]. Then looking
at the supersymmetry transformation of V ′, we infer that its superpartner, the
u(3) ‘gluino’ g′L,R and corresponding auxiliary field G
′
3 can also be separated
into a trace part and a traceless part. We parametrize them similarly as
g′L,R = gL,R −
1
3
λ0L,R id3, G
′
3 = G3 −
1
3
G1 id3, (198)
with λ0L,R the superpartner of Bµ and G1 the associated auxiliary field.
The unimodularity condition reduced a bosonic degree of freedom. Employing
it in combination with the supersymmetry transformations allowed us to reduce
fermionic and auxiliary degrees of freedom as well. A similar result comes from
1 and 1 generating the same gauge field. All in all we are left with three gauge
fields, gauginos and corresponding auxiliary fields:
Bµ ∈ C∞(M,u(1)), λ0L,R ∈ L2(M,S ⊗ u(1)), G1 ∈ C∞(M,u(1)),
Wµ ∈ C∞(M, su(2)), ~λL,R ∈ L2(M,S ⊗ su(2)), G2 ∈ C∞(M, su(2)),
gµ ∈ C∞(M, su(3)), gL,R ∈ L2(M,S ⊗ su(3)), G3 ∈ C∞(M, su(3)),
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exactly as in the MSSM.
With the finite Hilbert space being determined by the building blocks of the first
and second type, we can also obtain the relation between the coupling constants
g1, g2 and g3 that results from normalizing the kinetic terms of the gauge bosons,
appearing in (51). The latter are of the form (see Section 2.2.3):
1
4
Kj
∫
M
F j aµν F
j a µν , Kj = f(0)
3pi2
g2jnj
(
2Nj +
∑
k
MjkNk
)
≡ rj
3
(
2Nj +
∑
k
MjkNk
)
, (199)
where the label j denotes the type (i.e. u(1), su(2) or su(3)) of gauge field and the
index a runs over the generators of the corresponding gauge group. The expres-
sions forKj include a factor 2 that comes from summing over both particles and
anti-particles. Its first term stems from a building block Bj of the first type and
the other terms come from the building blocks Bjk of the second type, having
multiplicity Mjk. The symbol nj comes from the normalization
trT aj T
b
j = njδ
ab
of the gauge group generators T aj . For su(2) and su(3) these have the value
n2,3 =
1
2 , for u(1) we have n1 = 1. In addition, each contribution to the ki-
netic term of the u(1) gauge boson must be multiplied with the square of the
hypercharge of the building block the contribution comes from. The contribu-
tions from each representation to each kinetic term appearing in the MSSM are
given in Table 9. Summing all contributions, we find
K1 = f(0)
3pi2
n1g
2
1(4 + 120M/9) ≡
r1
3
(4 + 120M/9),
K2 = f(0)
3pi2
n2g
2
2(6 + 4M) ≡
r2
3
(6 + 4M),
K3 = f(0)
3pi2
n3g
2
3(6 + 4M) ≡
r3
3
(6 + 4M),
for the coefficients of the gauge bosons’ kinetic terms. We have to insert an extra
factor 14 intoK1, since we must divide the hypercharges by two to compare with
[23], that has a different parametrization of the gauge fields (see also Section
2.2.3). Normalizing these kinetic term by setting K1,2,3 = 1, we obtain for the ri
(defined in (199)):
r3 = r2 =
3
6 + 4M
, r1 =
9
3 + 10M
. (200)
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Particle Representation K1 K2 K3
λ0L,R 1⊗ 1o 0 0 0
~λL,R 2⊗ 2o 0 4 0
gL,R 3⊗ 3o 0 0 6
νR 1⊗ 1o 0 0 0
eR 1⊗ 1¯o 4M 0 0
lL 1⊗ 2o 2M M 0
dR 1¯⊗ 3o 3(−1 + 13 )2M 0 M
uR 1⊗ 3o 3(1 + 13 )2M 0 M
qL 2⊗ 3o 6( 13 )2M 3M 2M
hd 1¯⊗ 2o 2 1 0
hu 1⊗ 2o 2 1 0
Total 4 + 120M/9 6 + 4M 6 + 4M
Table 9: The contributions to the pre-factors (199) of the gauge bosons’ kinetic terms for
all of the representations of the MSSM. The number of generations is denoted
by M . The contents of this table can be obtained from those of Table 7, inserting
a/b = 1 and multiplying the contributions to all fermions that have R = 1 by M .
Consequently, we find for the coefficients
ωij := 1− riNi − rjNj (201)
the following values:
ω11 =
10M − 15
10M + 3
, ω12 =
20M2 − 12M − 27
20M2 + 36M + 9
,
ω13 =
40M2 − 54M − 63
40M2 + 72M + 18
, ω23 =
4M − 9
4M + 6
.
From (200) it is immediate that, upon taking M = 3 and inserting the values of
n1,2,3, the three coupling constants are related by
g23 = g
2
2 =
11
9
g21 . (202)
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This is different than for the SM [23, §4.2], where it is the well-known g22 = g23 =
5
3g
2
1 . For this value of M , the ωij have the following values:
ω11 =
5
11
, ω12 =
13
33
, ω13 =
5
22
, ω23 =
1
6
. (203)
Remark 56. In Remark 55 we have suggested to add one extra copy of the two building
blocks that describe the Higgses and higgsinos, to match the interactions of the MSSM.
Such an extension gives extra contributions to the kinetic terms of the su(2) and u(1)
gauge bosons, leading to
r3 =
3
6 + 4M
, r2 =
3
8 + 4M
, r1 =
9
6 + 10M
. (204)
Consequently,
ω11 =
5M − 6
5M + 3
, ω12 =
10M2 + 2M − 15
2(2 +M)(3 + 5M)
,
ω13 =
20M2 − 21M − 36
2(3 + 2M)(3 + 5M)
, ω23 =
4M2 −M − 15
2(2 +M)(3 + 2M)
for the parameters ωij . From the ratios of the r1, r2 and r3 we derive for the coupling
constants when M = 3:
g23 =
10
9
g22 =
4
3
g21 .
The ωij then read
ω11 =
1
2
, ω12 =
9
20
, ω13 =
1
4
, ω23 =
1
5
.
5.3 S U P E R S Y M M E T R Y O F T H E A C T I O N
Even though the three obstructions mentioned at the beginning of Section 5.1 are
avoided and the particle content of this theory coincides with that of the MSSM,
we do not know if the action associated to it is in fact supersymmetric. In this
section we check this by examining the requirements from the list in Section 3.7.
We will not cover all of them here, however.
Before we get to that, we note that each of the fields φij appears at least once in
one of the building blocks of the third type. This can easily be seen by taking all
combinations (i, j), (i, k) and (j, k) of the indices i, j, k of each of the building
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blocks of the third type that we have. Put differently, there is at least one hori-
zontal line between each two ‘columns’ in the Krajewski diagram of Figure 28c.
This means that for each sfermion field φij of the MSSM that is defined via the
building block Bij , we can meet the demand (108) on the parameters Ciij , Cijj
that supersymmetry sets on them. We do this by setting them to be of the form
(120), where necessary with a sum over multiple building blocks of the third
type. With the right choice of the signs i,j , j,i occurring in (120), the fermion–
sfermion–gaugino interactions that come from the building blocks of the second
type coincide with those of the MSSM.
 For each of the four building blocks B11R2L , B1R2L3, B11¯R2L and B1¯R2L3 of
the third type that we have, there is the necessary requirement (127) for
supersymmetry (or (130) in the parametrization (120) of the Ciij), but with
a sum over building blocks of the third type where necessary. To connect
with the notation of the noncommutative Standard Model (Section 1.3.3),
we will write
Υν := Υ
2L
1R,1
, Υu := Υ
2L
1R,3
for the parameters of the building blocks B11R2L and B1R2L3 that generate
the up-type Higgs fields and
Υe := Υ
2L
1¯R,1
, Υd := Υ
2L
1¯R,3
for those of B11¯R2L and B1¯R2L3 that generate the down-type Higgs fields.
Furthermore, we write
au = trM
(
Υν
∗Υν + 3Υu
∗Υu
)
, ad = trM
(
Υe
∗Υe + 3Υd
∗Υd
)
for the expressions that we encounter in the kinetic terms of the Higgses:
N 21R2L
∫
M
|Dµhu|2, N 21R2L =
f(0)
2pi2
1
ω12
au
and
N 21¯R2L
∫
M
|Dµhd|2, N 21¯R2L =
f(0)
2pi2
1
ω12
ad
respectively. (Here, the parametrization as in (121) is used). The factors 3
above come from the dimension of the representation 3 ofM3(C). Inserting
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the expressions for the Υ˜ ji the identity (130) reads for the building block
B11R2L :
−√ω12
(
Υ 12,1 Υ
1
2,1
∗ + Υ 1
2,1¯
Υ 1
2,1¯
∗
)−1/2
Υ 12,1
= 1,2L1,1R
√
ω11 Υ
1
1,2
(
2Υ 11,2
∗Υ 11,2
)−1/2
= 2L,12L,1R
√
ω12
Υν
t
√
au
.
For B11¯R2L , B1R2L3, B1¯R2L3 it reads
−√ω12
(
Υ 12,1 Υ
1
2,1
∗ + Υ 1
2,1¯
Υ 1
2,1¯
∗
)−1/2
Υ 1
2,1¯
= 1,2L1,1¯R
√
ω11Υ
1
1¯,2
(
2Υ 1
1¯,2
∗Υ 1
1¯,2
)−1/2
= 2L,12L,1¯R
√
ω12
Υe
t
√
ad
,
−√ω23 Υ 32,1
(
Υ 32,1
∗Υ 32,1 + Υ
3
2,1¯
∗Υ 3
2,1¯
)−1/2
= 3,2L3,1R
√
ω13
(
2Υ 31,2 Υ
3
1,2
∗
)−1/2
Υ 31,2 = 2L,32L,1R
√
ω12
Υu√
au
,
and
−√ω23 Υ 32,1¯
(
Υ 32,1
∗Υ 32,1 + Υ
3
2,1¯
∗Υ 3
2,1¯
)−1/2
= 3,2L3,1¯R
√
ω13
(
2Υ 3
1¯,2
Υ 3
1¯,2
∗
)−1/2
Υ 3
1¯,2
= 2L,32L,1¯R
√
ω12
Υd√
ad
respectively. We have suppressed the subscripts L and R here for nota-
tional convenience and used Remark 45 for the identities associated to
B11R2L and B11¯R2L , giving rise to the transposes of the matrices Υν and
Υe above. Not only do these identities help to write some expressions ap-
pearing in the action more compactly, it also gives rise to some additional
relations between the parameters. Taking the second equality of each of
the four groups, multiplying each side with its conjugate and taking the
trace, this gives
M
2
ω11au = ω12 trM Υν
∗Υν ,
M
2
ω11ad = ω12 trM Υe
∗Υe, (205a)
M
2
ω13au = ω12 trM Υu
∗Υu,
M
2
ω13ad = ω12 trM Υd
∗Υd, (205b)
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where on the LHS there is a factor M coming from the identity on family-
space. Summing the first and three times the third equality (or, equiva-
lently, the second and three times the fourth), we obtain
ω11 + 3ω13 =
2
M
ω12. (206)
Similarly, we can equate the first and last terms of each of the four groups
of equalities, multiply each side with its conjugate and subsequently sum
the first two (or last two) of the resulting equations. This gives
idM =
Υν
t(Υν
∗)t
au
+
Υe
t(Υe
∗)t
ad
(207a)
and
ω23
ω12
idM =
Υu
∗Υu
au
+
Υd
∗Υd
ad
(207b)
respectively. By adding the first relation to three times the second relation
and taking the trace on both sides, we get
ω12 =
3M
2−Mω23. (208)
We combine both results in the following way. We add the relations of
(205a) and insert (207a) to obtain
M
2
ω11 +
M
2
ω11 = ω12
(
trM
Υν
∗Υν
au
+ trM
Υe
∗Υe
ad
)
= ω12M,
i.e.
ω11 = ω12. (209)
Similarly, we add the relations of (205b), insert (207b) and get
ω13M = ω12 trM
(
ω23
ω12
idM
)
, or ω13 = ω23. (210)
 We have four combinations of two building blocks Bijk and Bijl of the
third type that share two of their indices (Section 3.4.1). Together, these
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give two extra conditions from the demand for supersymmetry, i.e. that
ωij (as defined in (201)) must equal 12 (Section 3.7):
B11R2L & B1R2L3 : ω12 =
1
2
, (211a)
B1R2L3 & B1¯R2L3 : ω23 =
1
2
. (211b)
The other two combinations, B11¯R2L & B1¯R2L3 and B11R2L & B11¯R2L , both
give the first condition again.
Combining the conditions (209), (210) and (211) we at least need that
ω11 = ω12 = ω13 = ω23 =
1
2
for supersymmetry. However, if we combine this result with (206) and (208) it
requires
2−M = 3M and 4 = 2
M
=⇒ M = 1
2
. (212)
We draw the following conclusion:
Theorem 57. There is no number of particle generations for which the action (34) asso-
ciated to the almost-commutative geometry determined by (192), which corresponds to
the particle-content and superpotential of the MSSM, is supersymmetric.
Since the extension (194) of the finite spectral triple with extra Higgs/higgsino
copies does not have an effect on which building blocks of the third type can be
defined, the calculations presented in this section and hence also the conclusion
above are unaffected by this.
Does this mean that all is lost? Suppose we focus on further extensions of the
MSSM, such as that of Theorem 22. Since such extensions have extra represen-
tations in HF , this also creates the possibility of additional components for DF .
Which components these are exactly, depends on the particular values of the
gradings γF and R on the representations. However, for the extension of Theo-
rem 22 in particular, we can check that for all combinations of values, the per-
mitted components can never all be combined into building blocks of the third
type, thus obstructing supersymmetry.
In general, any other extension might allow for extra building blocks of the third
type, making the results (206) and (208) subject to change. The demands (211)
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that follow from adjacent building blocks of the third type remain, however. If
we add a building block of the fourth type for the right-handed neutrino, this
requires r1 = 14 (see (147)). This can only hold simultaneously with (211) if
r1 =
1
4
, r2 =
1
8
, r3 =
1
12
.
Enticingly, for M ≤ 3 these required values are all smaller than or equal to the
actual ones of (200) and (204), implying that there might indeed be extensions of
HF for which they coincide.
6
C O N C L U S I O N S & O U T L O O K
The question whether noncommutative geometry and supersymmetry go well
together has been open for quite a while now. Previous attempts to reconcile
both have not led to conclusive results. At the same time, all of these can be char-
acterized by the wish to create spectral triples based on superalgebras, rather
than on ‘ordinary’ algebras, in analogy with the superfield formalism for super-
symmetry. It is certainly not illogical to believe that if an algebra is the noncom-
mutative geometrist’s way to characterize spaces, then superalgebras are the de-
vice to describe superspaces with. However, in the light of the noncommutative
Standard Model (NCSM) and its successes we have chosen to take a more hands
on approach by taking a better look at possible supersymmetric theories arising
from almost-commutative geometries (ACGs), the class of models of which the
NCSM is an example. Indeed, we circumvented the need for resorting to (non-
physical) superalgebras or superspaces via the introduction of various building
blocks.
These building blocks consist of representations in the finite Hilbert space and
components of the finite Dirac operator. They are irreducible from a supersym-
metric point of view in the sense that these are the minimally necessary ingre-
dients that one must add to retain a supersymmetric action. They are seen to
correspond to elements in the superfield formalism. This at least suggests that
these are the right objects to look at and it shows that almost-commutative ge-
ometries provide a natural context to describe theories with a supersymmetric
particle content. We have identified the five building blocks that are listed in
Table 10.
What this at least shows is that, given the action functional (34), any generic ap-
proach of doing supersymmetry via superalgebras would have been deemed to
fail, since far from all spectral triples that have a supersymmetric particle con-
tent, also have a supersymmetric action. (For the reasons mentioned in Section
1.4, “supersymmetric” in fact means “supersymmetric, at most softly broken”.)
In addition to this we have shown that a soft supersymmetry-breaking Lagrangian
appears naturally in his context. Gaugino masses are seen to correspond to com-
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Block Role Required Superfield
Bi (§3.2) Gaugino, g. boson — Vector multiplet
Bij (§3.3) Fermion, sfermion Bi, Bj Chiral multiplet
Bijk (§3.4) Scalar interactions Bij , Bik, Bjk Superpotential
Bmaj (§3.6.1) Majorana mass B11′ Majorana mass
Bmass (§3.6.2) Adds a mass Bij A mass for ψij , φij
Table 10: The building blocks of a supersymmetric spectral triple. In the last column we
have listed their counterparts in the common superfield formalism.
ponents of the finite Dirac operator that run between the two copies of a rep-
resentation that characterize a building block of the first type. Moreover, the
presence of gaugino masses generates appropriate soft breaking terms for each
building block; a sfermion mass in the case of a building block of the second
type, a trilinear interaction in the case of a building block of the third type, and
a cross term∝ φijφ′ij in the case of a building block of the fifth type. For one, this
yields a vastly reduced number of free parameters compared to the soft breaking
sector of a similar model in the superfield formalism.
Building a model that in addition to a supersymmetric particle content possibly
also has a supersymmetric action then boils down to taking the following steps,
as we have done for the case of the MSSM in Chapter 5:
1. Specify the algebra AF of the finite part of the almost commutative geom-
etry. Check that it avoids the obstruction from Proposition 41.
2. Add to the finite Hilbert space the gauginos corresponding to the compo-
nents of AF .
3. Add the off-diagonal representations to the Hilbert space, with the appro-
priate multiplicity. This both allows for the components of the finite Dirac
operator that describe the superpartner of the fermion, and sets the values
of the ri that come from the normalisation of the kinetic terms of the gauge
bosons;
ri =
3
2Ni +
∑
kMikNk
where Mik denotes the multiplicity of the representation Ni ⊗Nok. Check
that the finite Hilbert space avoids the obstruction from Remark 35. With
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the finite Hilbert space determined now, employ the unimodularity condi-
tion to both the gauge bosons and —via the supersymmetry transformations—
the gauginos to check whether the number of bosonic and fermionic de-
grees of freedom indeed match.
4. Check whether the values of the grading for all representations are such
that all allowed components of the finite Dirac operator together combine
into building blocks of the third type (or devise a principle that forbids
them, such as the demands (37) or (190)).
5. Check if the resulting spectral action is supersymmetric, i.e. whether the
Ciij of B±ij and the Υ ki,j of Bijk satisfy the demands in the list of Section
3.7.
6. Add possible building blocks of the fourth or fifth type, knowing that they
generate soft supersymmetry breaking terms.
7. Add gaugino masses that generate the typical soft supersymmetry-breaking
Lagrangian.
In this way the only explicit examples of ACGs that exhibit a supersymmetric ac-
tion are the super-Yang Mills models of §3.2 (in the superfield formalism: vector
multiplets) consisting of a single building block of the first type. The action of a
single building block of the second type (§3.3, with the required building blocks
of the first type), however, was proved not to be supersymmetric in Proposi-
tion 37. The same holds (see Section 3.7.1) for an ACG consising of a single
building block of the third type (together with the necessary building blocks
of the first and second type). We have also defined the almost-commutative ge-
ometry whose particle content and fermion–sfermion–gaugino interactions ex-
actly coincide with those of the MSSM. We were forced to conclude, however,
that also here the four-scalar terms that arise from this almost-commutative ge-
ometry prevent the associated action from being supersymmetric. The logical
next question to ask —whether this theory provides falsifiable phenomenologi-
cal predictions— then still remains a premature one.
Since the demands above are not automatically met, this setup is possibly not
the most natural one to do supersymmetry in. However, the question whether
this is an economical way of obtaining supersymmetric theories or not, is hardly
relevant as long as the hunt for theories that exhibit supersymmetry is still on ex-
perimentally. With this we mean that possibly noncommutative geometry might
point us towards the right supersymmetric theory once supersymmetry would
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indeed be verified experimentally, precisely because supersymmetry is far from
automatic.
This entire exposition hinges on the spectral action principle. Certainly, the suc-
cess of describing the complete action of the Standard Model makes it a favourable
way to associate an action to a spectral triple, but this does not mean that there
are no other ways of doing something similar that might be more natural in the
context of supersymmetry. Indeed, in [18] the observation was made that the ac-
tion functional (34) inherently treats bosons and fermions in a different way. The
suggestion [18] to change the fermionic part of the functional to address the dif-
ference, or attempts such as [2] to generate the bosonic action from the fermionic
one are very interesting, particularly from a supersymmetric point of view.
For long, the figure that was presented in [87] was believed to be correctly de-
scribing the (empty) intersection between noncommutative geometry and su-
persymmetry. In our view this should be slightly modified, to yield Figure 30.
The question that is still open is how big that intersection actually is, and ex-
Yang-Mills-Higgs
left-right symm.
GUT
supersymm.
NCG
noncommutative 'MSSM'
super 
Yang-Mills
chiral
superfield
Figure 30: The intersection between supersymmetric and noncommutative theories.
actly how ‘far’ the MSSM is away from it, i.e. if there are models resembling
the MSSM that do exhibit a supersymmetric action. This calls for a constructive
approach generating a list of (experimentally viable) supersymmetric spectral
triples.
A
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A.1 M I N K O W K S I V E R S U S E U C L I D E A N S I G N AT U R E
Typically, Quantum Field Theory is written down in Minkowski space, having
a diagonal metric on which one of the coordinates has the role of time (i.e. it is
an example of a pseudo-Riemannian manifold). This results in some expressions
differing from those defined on a Riemannian (Euclidean) background as is used
in the NCSM. We list in this section the relevant (sign) differences between the
Minkowskian and Euclidean cases.
 Wick rotation
Let ηµν = diag(−,+,+,+) be the Minkowski-metric in the ‘mostly plus’-
convention. To go from a Minkowskian time variable (tM ) to a Euclidean
one (tE) we perform a Wick rotation:
tE := itM ,
with the other variables remaining unchanged. Consequentially,
∂tE = −i∂tM , dtE = idtM .
Then under the Wick rotation this yields
ηµνdx
µ
Mdx
ν
M = δµνdx
µ
Edx
ν
E .
 Spinors and γ-matrices
In Minkowski space, we have (e.g. [95, 5.4]) for the γ-matrices:
{γµM , γνM} = 2ηµν ⇒ (−γ0M )2 = 1 = (γkM )2, k = 1, 2, 3
and γ5M = iγ
0
Mγ
1
Mγ
2
Mγ
3
M . We set
γ4E := iγ
0
M , γ
k
E := γ
k
M , k = 1, 2, 3,
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in order for {γµE , γνE} = 2δµν . Then for the grading in Euclidean space we
find
γ5E := −γ1Eγ2Eγ3Eγ4E
= −iγ1Mγ2Mγ3Mγ0M
= −(−)3iγ0Mγ1Mγ2Mγ3M
= γ5M ,
where in the first step we have used the expression from Example 8. Fur-
thermore, in Minkowski space the conjugate ψ¯ is given by ψ¯ = ψ∗γ0, with1
ψ∗ the Hermitian conjugate of ψ, whereas in Euclidean space it is just
ψ¯ = ψ∗. In addition ψ and ψ¯ should really be considered as independent
variables, e.g. [27, §5.2], [78].
 The action
In Minkowski space, the exponential appearing in the path integral is
exp(iSM ), SM =
∫
dtMd
3xLM (φ, ψ, . . .).
Setting tM = −itE , tE = x4, then in Euclidean space this equals
exp(−SE) SE =
∫
M
d4xLE(φ, ψ, . . .)
with LE(φ, ψ, . . .) = −LM (φ, ψ, . . .). See Table 11 for details.
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In this section we go a bit more into detail on how to calculate the spectral action
(35). We apply this to two specific cases in the subsequent sections. What follows,
heavily relies on [52] and [36].
Let V be a vector bundle on a compact Riemannian manifold (M, g). For a
second-order elliptic differential operator P : Γ∞(V )→ Γ∞(V ) of the form
P = −(gµν∂µ∂ν +Kµ∂µ + L) (213)
1If it were not for the γ0 in ψ¯, ψ¯ψ and ψ¯i/∂ψ would not be Lorentz invariant.
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Term M., m.m. M., m.p. E. (C)
|Dµφ|2 + − +
m2|φ|2 − − +
λ|φ|4 − − +
m2|h|2 + + −
ψ¯γµ∂µψ i i −i
mψ¯ψ − − +i
BµνB
µν − − +
exp(αS), α = i i −
Table 11: Coefficients for various terms in the action. Here, M. = Minkowski, E. = Eu-
clidean, m.m. = ‘mostly minus’-metric and m.p. = ‘mostly plus’. References are
Zee [101] for ‘mostly minus’, Srednicki [89] for ‘mostly plus’ and Coleman [27]
for Euclidean. Differences between m.m and m.p. are a minus sign per con-
tracted index (except the ones in which γ-matrices appear). Differences between
M., m.p. and E. are an overall minus sign, except for the fermion mass terms, but
these are only defined upto an overall phase anyway.
with Kµ, L ∈ Γ∞(End(V )), then there exist a unique connection∇ and an endo-
morphism E on V such that
P = ∇∇∗ − E.
Explicitly, we write locally ∇µ = ∂µ + ω′µ, where ω′µ = 12 (gµνKν + gµνgρσΓνρσ),
with Γνρσ the Christoffel symbols. Using this ω′µ and L we find E ∈ Γ∞(End(V ))
and compute for the curvature Ωµν of ∇:
E := L− gµν∂ν(ω′µ)− gµνω′µω′ν + gµνω′ρΓρµν ,
Ωµν := ∂µ(ω
′
ν)− ∂ν(ω′µ) + [ω′µ, ω′ν ]. (214)
In this case one can make an asymptotic (‘heat kernel’) expansion (as t→ 0+) of
the trace of the operator e−tP in powers of t:
tr e−tP ∼
∑
n≥0
t(n−m)/2
∫
M
an(x, P )
√
gdmx, an(x, P ) := tr en(x, P ),
(215)
where m is the dimension of M ,
√
gdmx (with g ≡ det g) its volume form and the
coefficients an(x, P ) are called the Seeley–DeWitt coefficients. One finds [52, §1.7]
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that for n odd, en(x, P ) = 0 and the first three even coefficients are given [52,
§4.8] by
e0(x, P ) = (4pi)
−m/2(id), (216a)
e2(x, P ) = (4pi)
−m/2(−R/6 id +E), (216b)
e4(x, P ) = (4pi)
−m/2 1
360
(− 12R µ;µ + 5R2 − 2RµνRµν (216c)
+ 2RµνρσR
µνρσ − 60RE + 180E2 + 60E µ;µ + 30ΩµνΩµν
)
,
where
Rσµνρ := ∂ρΓ
σ
µν − ∂νΓσµρ + ΓλµνΓσρλ − ΓλµρΓσνλ
is the Riemann curvature tensor, Rµν := Rρµρν the Ricci curvature tensor and
R := gµνRµν the scalar curvature of M . Furthermore, R µ;µ := ∇µ∇µR and the
same for E.
Now suppose D2A of a spectral triple is of the form (213). Upon taking for the
spectral action an even function f that is a Laplace transform of some other
function g,
f(x) =
∫ ∞
0
g(t)e−tx
2
dt,
we get for the spectral action
tr f(DA/Λ) =
∫ ∞
0
g(t) tr e−tD
2
A/Λ
2
dt,
for which we can use the expansion (215):
tr f(DA/Λ) ∼
∑
n≥0
Λm−n
∫
M
an(x,D
2
A)
√
gdmx
∫ ∞
0
g(t)t(n−m)/2dt, (217)
In order to rewrite the last terms back into f , we can use that for (n−m)/2 < 0
[36, §11],
t(n−m)/2 =
2
Γ((m− n)/2)
∫ ∞
0
e−tx
2
x(m−n)−1dx,
which gives∫ ∞
0
g(t)t(n−m)/2dt =
2
Γ((m− n)/2)
∫ ∞
0
g(t)
∫ ∞
0
e−tx
2
xm−n−1dxdt.
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Interchanging the order of integration, we can then rewrite g back into f :∫ ∞
0
g(t)t(n−m)/2dt =
2
Γ((m− n)/2)
∫ ∞
0
f(x)xm−n−1dx
≡ 2
Γ((m− n)/2)fm−n,
where fi denotes the (i− 1)th moment of f :
fi :=
∫ ∞
0
f(x)xi−1dx (i > 0).
For n = m we can rewrite the last part of (217) using∫ ∞
0
g(t)dt = lim x→0
∫ ∞
0
g(t)e−tx
2
dt = lim x→0f(x) = f(0).
Taking m = dimM = 4 we can use these tricks to get for the first three contribu-
tions for the second term of (34):
tr f(DA/Λ) ∼ 2Λ4f4a0(D2A) + 2f2Λ2a2(D2A) + f(0)a4(D2A) +O(Λ−2).
(218)
A.2.1 The spectral action for a canonical spectral triple
As a relatively simple application, consider a 4-dimensional canonical spectral
triple (Examples 6 and 8), whose background M does not have a boundary. In
this case the canonical Dirac operator /∂M (20) does not receive inner fluctuations,
see the comment in Section 1.3.2. For its square we find
/∂
2
M = −
[
gµν∂µ∂ν + (2ω
µ − Γµ)∂µ + ∂µωµ + ωµωµ − Γµωµ + 14R
]
where Γµ = Γµνλγ
νγλ with Γµνλ the Christoffel symbols and R is the scalar curva-
ture of M . From this we can determine that
E =
1
4
R, Ωµν ≡ ∂µων − ∂νωµ + [ωµ, ων ] = 1
4
Rabµνγaγb,
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where Rabµν is the Riemann tensor and the latin indices a, b indicate the use of a
frame field γµ = haµγa. This sets
a0(/∂
2
M ) =
1
16pi2
∫
M
tr id
√
gd4x =
1
4pi2
∫
M
√
gd4x,
a2(/∂
2
M ) =
1
16pi2
∫
M
1
12
R tr id
√
gd4x =
1
48pi2
∫
M
R
√
gd4x,
a4(/∂
2
M ) =
1
16pi2
1
360
∫
M
[(
5− 60
4
+
180
16
)
R2 tr id−2RµνRµν tr id
+ 2RµνρσR
µνρσ tr id +
15
8
RabµνR
cdµν tr γaγbγcγd
)]√
gd4x
=
1
16pi2
1
360
∫
M
(
5R2 − 8RµνRµν − 7RµνρσRµνρσ
)√
gd4x,
where the traces are over L2(S) and in the last step we have used that
tr γaγbγcγd = 4[δabδbc − δacδbd + δadδbc]
and Rabcd = −Rbacd, Rabcd = −Rabdc. Collecting terms, we have for the total
action (34):
S[ψ, g] ∼
∫
M
(
Λ4f4
2pi2
+
f2Λ
2
24pi2
R+
f(0)
16pi2
1
360
(
5R2 − 8RµνRµν
− 7RµνρσRµνρσ
))
+ Sf [ψ],
where the last term is equal to the first one in (34). Comparing this with the
Einstein-Hilbert action, we can identify the last term with the ‘matter Lagrangian
density’ that curves space. The coefficients of the first two terms are connected
to the cosmological constant and gravitational constantG respectively. The term
∝ f(0) has an interpretation of its own [36, §11.4], but we will not go into that
here. Note that this description holds at some, a priori unknown, energy scale
and that at this energy the values of the coefficients might differ substantially
from what we measure them to be.
A.2.2 For an almost-commutative spectral triple
For a general real and even almost-commutative geometry (Example 27) on a
four-dimensional background, the expression for the contributions to the heat
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kernel expansion are somewhat different. In contrast to the case above, the canon-
ical Dirac operator in general receives inner fluctuations (Section 1.3.2) leading
to gauge fields. Secondly, there might be a finite Dirac operator possible on the
finite Hilbert space HF . The general expressions for the operators E and Ωµν
(c.f. (214)) when taking in (213) D2A for P , are
E =
1
4
R⊗ idHF −
1
2
γµγνFµν − idL2(S)⊗Φ2 + {/∂A, γ5 ⊗ Φ}, (219)
Ωµν =
1
4
Rabµνγaγb ⊗ idHF + idL2(S)⊗Fµν , (220)
where Fµν is the (skew-Hermitian) field strength (or curvature) of Aµ and with
Φ we mean DF plus its inner fluctuations (30). Considering the fact that some
terms are orthogonal in the Clifford algebra, we get the following expressions
for the traces:
trE2 =
1
4
R2N (F )− 2 trF FµνFµν + 4 trF Φ4 + 4 trF [Dµ,Φ]2 − 2R trF Φ2,
trRE = R2N (F )− 4R trF Φ2,
where we have written trF := trHF and N (F ) := dimHF and have used (46).
Then the first three Seeley-DeWitt coefficients a0,2,4(D2A) read:
a0(D
2
A) = N (F )a0(/∂2M ), (221)
a2(D
2
A) = N (F )a2(/∂2M )−
1
4pi2
∫
M
trF Φ
2√gd4x, (222)
a4(D
2
A) =
1
8pi2
∫
M
[
− 1
3
trF FµνFµν + trF Φ4 + trF [Dµ,Φ]2
− 1
6
R trF Φ
2
]√
gd4x+N (F )a4(/∂2M ), (223)
where we have used that Fµν is antisymmetric in its indices, and that tr γ5γµ = 0.
The total spectral action for a general almost-commutative geometry on a 4-
dimensional Riemannian spin-manifold without boundary is given by the ex-
pression (49) in Section 1.3. In Table 12 the various contributions to the action
(including the fermionic contributions) are listed, along with the interactions
they correspond to.
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In this section we derive in detail the action that comes from a building block
Bijk of the third type (cf. Section 3.4), such as that of Figure 14. If we constrain
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Object Term Accounts for
a0(D
2
A) id Cosmological constant
a2(D
2
A) R Einstein-Hilbert action
E Scalar masses
a4(D
2
A) RE Gravitational coupling scalars
E2 Gauge kinetic terms, scalar kinetic terms,
scalar potential, gravitational terms
ΩµνΩµν Gauge kinetic terms, gravitational terms
1
2 〈Jζ, (/∂M + iA)ζ〉 Kinetic terms and gauge interactions of
fermions.
1
2 〈Jζ, γ5 ⊗ Φζ〉 fermion–fermion–scalar interactions.
Table 12: The various objects that appear in the action (34), the terms they are comprised
of and the particle interactions they correspond to.
ourselves for now to the off-diagonal part of the finite Hilbert space, then on the
basis
HF,off = (Ni ⊗Noj)L ⊕ (Ni ⊗Nok)R ⊕ (Nj ⊗Nok)L
⊕ (Nj ⊗Noi )R ⊕ (Nk ⊗Noi )L ⊕ (Nk ⊗Noj)R
the most general allowed finite Dirac operator is of the form
DF =

0 Υ k oj
∗ 0 0 0 Υ ki
∗
Υ k oj 0 Υ
j
i 0 0 0
0 Υ ji
∗ 0 Υ k oi
∗ 0 0
0 0 Υ k oi 0 Υ
k
j 0
0 0 0 Υ kj
∗ 0 Υ j oi
∗
Υ ki 0 0 0 Υ
j o
i 0

(224)
We write for a generic element ζ of 12 (1 + γ)L
2(S ⊗HF,off)
ζ = (ψijL, ψikR, ψjkL, ψijR, ψikL, ψjkR)
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where ψijR ∈ L2(S− ⊗Nj ⊗Noi ), etc. Applying the matrix (224) to this element
yields
γ5DF ζ = γ
5
(
ψikRφ¯jkΥ
k
j
∗ + Υ ki
∗φikψjkR, ψijLΥ
k
j φjk + Υ
j
i φijψjkL,
φ¯ijΥ
j
i
∗ψikR + ψijRΥ
k
i
∗φik, ψjkLφ¯ikΥ ki + Υ
k
j φjkψikL,
φ¯jkΥ
k
j
∗ψijR + ψjkRφ¯ijΥ
j
i
∗, ψikLΥ
j
i φij + φ¯ikΥ
k
i ψijL
)
.
Notice that for the pairs (i, j) and (j, k) we always encounter φij in combination
with Υ ji , whereas for (i, k) it is the combination φik and Υ
k
i
∗. This has to do
with the fact that the sfermion φik crosses the particle/antiparticle-diagonal in
the Krajewski diagram. Since
Jζ = J(ψijL, ψikR, ψjkL, ψijR, ψikL, ψjkR)
= (JMψijR, JMψikL, JMψjkR, JMψijL, JMψikR, JMψjkL),
the extra contributions to the inner product are written as
1
2
〈Jζ, γ5DF ζ〉 = 1
2
〈JMψijR, γ5(ψikRφ¯jkΥ kj ∗ + φikΥ ki ∗ψjkR)〉
+
1
2
〈JMψikL, γ5(ψijLΥ kj φjk + Υ ji φijψjkL)〉
+
1
2
〈JMψjkR, γ5(φ¯ijΥ ji ∗ψikR + ψijRΥ ki ∗φik)〉
+
1
2
〈JMψijL, γ5(ψjkLφ¯ikΥ ki + Υ kj φjkψikL)〉
+
1
2
〈JMψikR, γ5(φ¯jkΥ kj ∗ψijR + ψjkRφ¯ijΥ ji ∗)〉
+
1
2
〈JMψjkL, γ5(ψikLΥ ji φij + φ¯ikΥ ki ψijL)〉.
Using the symmetry properties (292) of the inner product, this equals
〈JMψijR, γ5ψikRφ¯jkΥ kj ∗〉+ 〈JMψijR, γ5Υ ki ∗φikψjkR〉
+ 〈JMψikL, γ5ψijLΥ kj φjk〉+ 〈JMψikL, γ5Υ ji φijψjkL〉
+ 〈JMψjkR, γ5φ¯ijΥ ji ∗ψikR〉+ 〈JMψjkL, γ5φ¯ikΥ ki ψijL〉.
We drop the subscripts L and R, keeping in mind the chirality of each field, and
for brevity we replace ij → 1, ik → 2, jk → 3:
S123,F [ζ, ζ˜] = 〈JMψ1, γ5ψ2φ¯3Υ3∗〉+ 〈JMψ1, γ5Υ2∗φ2ψ3〉
+ 〈JMψ2, γ5ψ1Υ3φ3〉+ 〈JMψ2, γ5Υ1φ1ψ3〉
+ 〈JMψ3, γ5φ¯1Υ1∗ψ2〉+ 〈JMψ3, γ5φ¯2Υ2ψ1〉. (225)
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Figure 31: The various contributions to trD4F in the language of Krajewski diagrams cor-
responding to a building block Bijk of the third type.
The spectral action gives rise to some new interactions compared to those com-
ing from building blocks of the second type. They arise from the trace of the
fourth power of the finite Dirac operator and are given by the following list.
 From paths of the type such as the one in the upper left corner of Figure 31
the contribution is
8
[
Ni|CiijφijΥ kj φjk|2 +Nk|Υ ji φijCjkkφjk|2 +Nj |φ¯ijC∗ijjΥ ki ∗φik|2 (226)
+Nk|φ¯ijΥ ji ∗Cikkφik|2 +Ni|Υ kj φjkφ¯ikC∗iik|2 +Nj |Cjjkφjkφ¯ikΥ ki |2
]
.
Here the multiplicity 8 = 2(1 + 1 + 2) comes from the fact that there are
three vertices involved in each path, on each of which the path can start. In
the case of the ‘middle’ vertices the path can be traversed in two distinct
orders. Furthermore a factor two comes from that each path occurs twice;
also mirrored along the diagonal of the diagram.
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 From paths such as the upper middle one in Figure 31 the contribution is:
8
[
tr(Ciijφij)
oΥ kj φjkφ¯jkΥ
k
j
∗(φ¯ijC∗iij)
o
+ tr(Υ ji φij)
oCjjkφjkφ¯jkC
∗
jjk(φ¯ijΥ
j
i
∗)o
+ tr(φ¯ijC
∗
iij)
oΥ ki
∗φikφ¯ikΥ ki (Ciijφij)
o
+ tr(φ¯ijΥ
j
i
∗)oCiikφikφ¯ikC∗iik(Υ
j
i φij)
o
+ tr(φ¯ikC
∗
ikk)
oΥ kj φjkφ¯jkΥ
k
j
∗(Cikkφik)o
+ tr(φ¯ikΥ
k
i )
oCjjkφjkφ¯jkC
∗
jkk(Υ
k
i
∗φik)o
]
, (227)
where the arguments for determining the multiplicity are the same as for
the previous contribution.
 From paths such as the upper right one in Figure 31, going back and forth
along the same edge twice, the contribution is:
4
[
Ni|Υ kj φjkφ¯jkΥ kj ∗|2 +Nj |Υ ki ∗φikφ¯ikΥ ki |2 +Nk|Υ ji φij φ¯ijΥ ji ∗|2
]
.
(228)
The multiplicity arises from 2 vertices on which the path can start and each
such path occurs again reflected.
 From paths such as the lower left one in Figure 31 the contribution is:
8
[
|φij |2|Υ ji Υ ki ∗φik|2 + |φij |2|Υ ji ∗Υ kj φjk|2 + |Υ ki ∗φik|2|Υ kj φjk|2
]
. (229)
 From paths such as the lower right one in Figure 31 the contribution is:
8
[
tr(φ¯ikC
∗
iik(Υ
j
i φij)
o(φ¯ijC
∗
iij)
oΥ ki
∗φik)
+ tr(φ¯jkΥ
k
j
∗(φ¯ijC∗ijj)
o(Υ ji φij)
oCjjkφjk)
+ tr((φ¯ikΥ
k
i )
oCjkkφjkφ¯jkΥ
k
j
∗(Cikkφik)o) + h.c.
]
, (230)
corresponding with the blue, green and red paths respectively. The multi-
plicity arises from the fact that any such path has four vertices on which it
can start and also occurs reflected around the diagonal. Besides, each path
can also be traversed in the opposite direction, hence the ‘h.c.’.
Adding (226), (227), (228), (229) and (230) the total extra contribution to trD4F
from adding a building block Bijk of the third type, is given by (124).
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A.4 P R O O F S
In this section we give the actual proofs and calculations of the Lemmas and
Theorems presented in the text. First we introduce some notation. With (., .)S :
Γ∞(S)×Γ∞(S)→ C∞(M) we mean theC∞(M)-valued Hermitian structure on
Γ∞(S). The Hermitian form on Γ∞(S) is to be distinguished from the C∞(M)-
valued form onH ≡ L2(M,S ⊗HF ):
(., .)H : Γ(S ⊗HF )× Γ(S ⊗HF )→ C∞(M)
given by
(ψ1, ψ2)H := (ζ1, ζ2)S〈m1,m2〉F , ψ1,2 = ζ1,2 ⊗m1,2,
where 〈 . , . 〉F denotes the inner product on the finite Hilbert space HF . The
inner product on the full Hilbert space H is then obtained by integrating over
the manifold M :
〈ψ1, ψ2〉H :=
∫
M
(ψ1, ψ2)H
√
gd4x.
If no confusion is likely to arise between (., .)S and (., .)H, we omit the subscript.
In the proofs there appear a number of a priori unknown constants. To avoid
confusion: capital letters always refer to parameters of the Dirac operator, lower-
case letters always refer to proportionality constants for the superfield transfor-
mations. For the latter the number of indices determines what field they belong
to: constants with one index belong to a gauge boson–gaugino pair, constants
with two indices belong to a fermion–sfermion pair.
A.4.1 First building block
This section forms the proof of Theorem 61. In this case the action is given by (84).
Its constituents are the —flat— metric metric g, the gauge fieldAj ∈ End(Γ(S)⊗
su(Nj)) and spinor λj ∈ L2(M,S ⊗ su(Nj)), both in the adjoint representation
and the spinor after reducing its degrees of freedom (see Section 3.2.1).
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Now for  ≡ (L, R) ∈ L2(M,S), decomposed into Weyl spinors that vanish
covariantly (i.e.∇S = 0), we define
δAj = cjγ
µ
[
(JM R, γµλjL)S + (JM L, γµλjR)S
] ≡ γµ(δAµj+ + δAµj−),
(231a)
δλjL,R = (c
′
jF
j + c′GjGj)L,R, F
j ≡ γµγνF jµν , (231b)
δGj = cGj
[
(JM L, /∂AλjR)S + (JM R, /∂AλjL)S
]
, (231c)
where the coefficients cj , c′j , cGj , c
′
Gj
are yet to be determined. In the rest of this
section we will drop the index j for notational convenience and discard the fac-
tor nj from the normalization of the gauge group generators, since it appears in
the same way for each term.
 The fermionic part of the Lagrangian, upon transforming the fields, equals:
〈JMλL, /∂AλR〉
→
∫
M
(JM [c
′F + c′GG]L, /∂AλR)H + (JMλL, /∂A[c
′F + c′GG]R)H
+ gc(JMλL, γ
µ ad[(JM L, γµλR)S + (JM R, γµλL)S ]λR)H. (232)
Here we mean with ad(X) the adjoint: ad(X)Y := [X,Y ].
 The kinetic terms for the gauge bosons transform to:
1
4
K
∫
M
trN F
µνFµν
→ cK
2
∫
M
trN F
µν
(
∂[µ
[
(JM R, γν]λL)S + (JM L, γν]λR)S
]
− ig[(JM R, γµλL)S + (JM L, γµλR)S , Aν ] (233)
− ig[Aµ, (JM R, γνλL)S + (JM L, γνλR)S ]
)√
gd4x.
where A[µBν] ≡ AµBν −AνBµ.
 And finally the term for the auxiliary fields transforms to
−1
2
∫
M
trN G
2 → −cG
∫
M
trN G
[
(JM R, /∂AλL)S + (JM L, /∂AλR)S
]
.
(234)
If we collect the terms of (232), (233) and (234) containing the same field content,
we get three groups of terms that separately need to vanish in order to have a
supersymmetric theory. These groups are:
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 one consisting of only one term with four fermionic fields (coming from
the second line of (232)):
gc(JMλL, γ
µ ad(JM L, γµλR)SλR)H. (235)
There is a second such term with L → R and λR → λL that is obtained via
(JM L, γµλR)S → (JM R, γµλL)S .
 one consisting of a gaugino and two or three gauge fields:∫
M
[
c′(JMλL, /∂AFR)H + c
K
2
trN F
µν
(
∂[µ(JM R, γν]λL)S
− ig[(JM R, γµλL)S , Aν]− ig[Aµ, (JM R, γνλL)S])] (236)
featuring the third term of (232) and the terms of (233) featuring λL. There
is another such group with R → L and λL → λR consisting of the first
term of (232) and the other terms of (233).
 one consisting of the auxiliary field G, a gauge field and a gaugino:∫
M
[
c′G(JMλL, /∂AGR)H − cG trN G(JM R, /∂AλL)S
]
(237)
featuring the second part of the third term of (232) and the first term of
(234). There is another such group with R → L and λL → λR.
We will tackle each of these groups separately in the following Lemmas.
Lemma 58. The term (235) equals zero.
Proof. Evaluating (235) point-wise, applying the finite inner product and using
the normalization for the generators of the gauge group, yields up to a constant
factor
fabc(JMλ
a
L, γ
µλbR)S(JM L, γµλ
c
R)S . (238)
Here the fabc are the structure constants of the Lie algebra SU(N). We employ a
Fierz transformation (See Appendix A.5.1), using C10 = −C14 = 4, C11 = C13 =
−2, C12 = 0, to rewrite (238) as
fabc(JMλ
a
L, γ
µλbR)S(JM L, γµλ
c
R)S = −
1
4
fabc
[
4(JM L, λ
b
R)S(JMλ
a
L, λ
c
R)S
− 2(JM L, γµλbR)S(JMλaL, γµλcR)S − 2(JM L, γµγ5λbR)S(JMλaL, γµγ5λcR)S
− 4(JM L, γ5λbR)S(JMλaL, γ5λcR)S
]
.
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The first and last terms on the right hand side of this expression are seen to
cancel each other, whereas the second and third term add. We retain
fabc(JMλ
a
L, γ
µλbR)S(JM L, γµλ
c
R)S = f
abc(JMλ
a
L, γ
µλcR)S(JM L, γµλ
b
R)S .
Since fabc is fully antisymmetric in its indices, this expression equals zero.
Lemma 59. The term (236) equals zero iff
2ic′ = −cK. (239)
Proof. If we use that the spin connection is Hermitian and employ (291), this
yields:
∂µδAν+ = c(JM R, γν∇SµλL).
Here we have used that [∇Sµ , JM ] = 0, that we have a flat metric and that
∇SL,R = 0. Now using that Aµ(JM R, γνλL)S = (JM R, AµγνλL)S and insert-
ing these results into the second part of (236) gives
c
K
2
∫
M
trN F
µν(JM R, D[µγν]λL)S , Dµ = ∇Sµ − ig ad(Aµ).
Using Lemma 79 and employing the antisymmetry of Fµν we get
cK
∫
M
(JMF
µνR, DµγνλL)H.
We take the first term of (236) and write out the expression /∂AF = iγµDµγνγλFνλ.
We can commute the Dµ through the γνγλ-combination since the metric is flat.
Employing the identity
γµγνγλ = gµνγλ + gνλγµ − gµλγν + σµνλγ5γσ (240)
yields
/∂AF = i
(
2gµνγλ + σµνλγ5γσ)DµFνλ.
Applying this operator to R gives
/∂AFR = 2ig
µνγλDµFνλR = 2iγλDµF
µλR,
for the other term cancels via the Bianchi identity and the fact that ∇SR = 0.
With the above results, (236) is seen to be equal to
2ic′〈JλL, γνDµFµνR〉+ cK
∫
M
(JMF
µνR, DµγνλL)H. (241)
Using the symmetry of the inner product, the result follows.
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Lemma 60. The term (237) equals zero if and only if
cG = −c′G. (242)
Proof. Using the cyclicity of the trace, the symmetry property (293) of the inner
product and Lemma 79, the second term of (237) can be rewritten to
cG
∫
M
(JMλL, /∂AGR)H
from which the result immediately follows.
By combining the above three lemmas we can prove Theorem 27:
Proposition 61. A spectral triple whose finite part consists of a building block of the
first type (Def. 25) has a supersymmetric action (84) under the transformations (231) iff
2ic′ = −cK, cG = −c′G.
A.4.2 Second building block
We apply the transformations (85b), (106) and (107) to the terms in the action
that appear for the first time2 as a result of the new content of the spectral triple,
i.e. (104). In the fermionic part of the action, the second and fourth terms trans-
form under (106) to
〈JMψR, γ5λiRC˜i,jφ〉
→ 〈JMc′∗ijγ5[/∂A, φ¯]L, γ5λiRC˜i,jφ〉+ 〈JMd′∗ijF ∗ijR, γ5λiRC˜i,jφ〉
+ c′i〈JMψR, γ5FiC˜i,jφR〉+ c′Gi〈JMψR, γ5GiC˜i,jφR〉
+ 〈JMψR, γ5λiRC˜i,jcij(JM L, γ5ψL)〉 (243)
and
〈JMψL, γ5φ¯C˜∗i,jλiL〉
→ c′ij〈JMγ5[/∂A, φ]R, γ5φ¯C˜∗i,jλiL〉+ d′ij〈JMFijL, γ5φ¯C˜∗i,jλiL〉
+ c′i〈JMψL, γ5γµγν φ¯C˜∗i,jFiµνL〉+ c′Gi〈JMψL, γ5φ¯C˜∗i,jGiL〉
+ 〈JMψL, γ5c∗ij(JM R, γ5ψR)C˜∗i,jλiL〉 (244)
2We add this explicitly since we do not need the terms in the Yang-Mills action for together they
were already supersymmetric.
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respectively. We omit the terms with λjL,R instead of λiL,R; transformation of
these yield essentially the same terms. For the kinetic term of theR = 1 fermions
(the first term of (91)) we have under the same transformations:
〈JMψR, /∂AψL〉 → 〈JMc′∗ijγ5[/∂A, φ¯]L, /∂AψL〉
+ gici〈JMψR, γµ[(JM L, γµλiR) + (JM R, γµλiL)]ψL〉
+ 〈JMψR, /∂Ac′ijγ5[/∂Aφ]R〉+ 〈JMd′∗ijF ∗ijR, /∂AψL〉
+ 〈JMψR, /∂Ad′ijFijL〉. (245)
As with the previous contributions to the action, we omit the terms δAj (in-
stead of δAi) for brevity. In the bosonic action, we have the kinetic terms of the
sfermions, transforming to
trNj D
µφ¯Dµφ→ igici trNj
(
φ¯[(JM L, γµλiR) + (JM R, γµλiL)]D
µφ
)
− igici trNj
(
Dµφ¯[(JM L, γ
µλiR) + (JM R, γ
µλiL)]φ
)
+ trNj
(
Dµc
∗
ij(JM R, γ
5ψR)D
µφ
)
+ trNj
(
Dµφ¯D
µcij(JM L, γ
5ψL)
)
(246)
(and terms with λj instead of λi) and from the terms with the auxiliary fields we
have
trNi Piφφ¯Gi → trNi Picij(JM L, γ5ψL)φ¯Gi + trNi Piφc∗ij(JM R, γ5ψR)Gi
+ cGi trNi Piφφ¯[(JM L, /∂AλiR) + (JM R, /∂AλiL)]. (247)
And finally we have the kinetic terms of the auxiliary fields Fij , F ∗ij that trans-
form to
trF ∗ijFij → trF ∗ij
[
dij(JM R, /∂AψL)S + dij,i(JM R, γ
5λiRφ)S
− dij,j(JM R, γ5φλjR)S
]
+ tr
[
d∗ij(JM L, /∂AψR)S + d
∗
ij,i(JM L, γ
5φ¯λiL)S
− d∗ij,j(JM L, γ5λjLφ¯)S
]
Fij , (248)
where the traces are over N⊕Mj . Analyzing the result of this, we can put them
in groups of terms featuring the very same fields. Each of these groups should
separately give zero in order to have a supersymmetric action. We have:
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 Terms with four fermionic fields; the fifth term of (243), and part of the
second term of (245):
〈JMψR, γ5λiRC˜i,jcij(JM L, γ5ψL)〉+ gici〈JMψR, γµ(JM L, γµλiR)ψL〉.
(249)
The third term of (244) and the other part of the second term of (245) give
a similar contribution but with L → R, λiL → λiR.
 Terms with one gaugino and two sfermions, consisting of the first term of
(243), part of the first and second terms of (246), and part of the third term
of (247):
〈JMc′∗ijγ5[/∂A, φ¯]L, γ5λiRC˜i,jφ〉+ igici
∫
trNj
(
φ¯(JM L, γµλiR)D
µφ
)
− igici
∫
trNj
(
Dµφ¯(JM L, γ
µλiR)φ
)
− cGi
∫
trNi Piφφ¯(JM L, /∂AλiR). (250)
The first term of (244), the other parts of the first and second terms of (246)
and the other part of the third term of (247) give similar terms but with
L → R, λiR → λiL.
 Terms with two gauge fields, a fermion and a sfermion, consisting of the
third term of (243), the third term of (246) and the third term of (245):
c′i〈JMψR, γ5FiC˜i,jφR〉+
∫
trNj
(
Dµc
∗
ij(JM R, γ
5ψR)D
µφ
)
+ 〈JMψR, /∂Aγ5c′ij [/∂A, φ]R〉 (251)
The fourth term of (244), the first term of (245) and the fourth term of (246)
make up a similar group but with R → L and ψR → ψL.
 Terms with the auxiliary fieldGi, consisting of the fourth term of (243) and
the second term of (247):
c′Gi〈JMψR, γ5GiC˜i,jφR〉 −
∫
trNi Piφc∗ij(JM R, γ5ψR)Gi (252)
The fifth term of (244) and the first term of (247) make up another such
group but with R → L and ψR → ψL.
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 And finally all terms with either Fij or F ∗ij , consisting of the second term
of (243), the second term of (244), the fourth and fifth terms of (245) and
the terms of (248) (of which we have omitted the terms with λj for now):
〈JMd′∗ijF ∗ijR, γ5λiRC˜i,jφ〉+ 〈JMd′∗ijF ∗ijR, /∂AψL〉
−
∫
trNj F
∗
ij
[
dij(JM R, /∂AψL)S + dij,i(JM R, γ
5λiRφ)S
]
(253)
and
〈JMFijd′ijL, γ5φ¯C˜∗i,jλiL〉+ 〈JMψR, /∂Ad′ijFijL〉
−
∫
trNj
[
d∗ij(JM L, /∂AψR)S + d
∗
ij,i(JM L, γ
5φ¯λiL)S
]
Fij .
We will tackle each of these five groups in the next five lemmas. For the first
group we have:
Lemma 62. The expression (249) vanishes, provided that
1
2
C˜i,jcij = −cigi (254)
Proof. Since the expression contains only fermionic terms, we need to prove this
via a Fierz transformation, which is valid only point-wise. We will write
λi = λ
a ⊗ T a ∈ L2(S− ⊗ su(Ni)R),
ψL = ψmn ⊗ ei,m ⊗ e¯j,n ∈ L2(S+ ⊗Ni ⊗Noj),
ψR = ψrs ⊗ ej,r ⊗ e¯i,s ∈ L2(S− ⊗Nj ⊗Noi ),
where a sum over a, m, n, r and s is implied, to avoid a clash of notation. Here
the T a are the generators of su(Ni). Using this notation, (249) is point-wise seen
to be equivalent to
(JMψjk, γ
5λa)(JM L, γ
5C˜i,jcijψij)T
a
ki
+ gici(JMψjk, γ
µψij)(JM L, γµλ
a)T aki,
after relabeling indices. Since it appears in both expressions, we may simply
omit T aki from our considerations. For brevity we will omit the subscripts of the
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fermions from here on. We then apply a Fierz transformation (see Appendix
A.5.1) for the first term, giving:
(JMψ, γ
5λa)(JM L, γ
5ψ) = −C40
4
(JMψ,ψ)(JM L, λ
a)
− C41
4
(JMψ, γ
µψ)(JM L, γµλ
a)− C42
4
(JMψ, γ
µγνψ)(JM L, γµγνλ
a)
− C43
4
(JMψ, γ
µγ5ψ)(JM L, γµγ
5λa)− C44
4
(JMψ, γ
5ψ)(JM L, γ
5λa).
(Note that the sum in the third term on the RHS runs over µ < ν, see Example
82.) We calculate: C40 = C43 = C44 = −C41 = −C42 = 1 and use that ψ and ψ
are of opposite parity, as are ψ and λa, to arrive at
(JMψ, γ
5λa)(JM L, γ
5ψ) =
1
4
(JMψ, γ
µψ)(JM L, γµλ
a)
− 1
4
(JMψ, γ
µγ5ψ)(JM L, γµγ
5λa)
=
1
2
(JMψ, γ
µψ)(JM L, γµλ
a).
Remark 63. From the action there in fact arises also a similar group of terms as (249),
that reads
〈JMψR, γ5C˜j,icij(JM L, γ5ψL)λjR〉 − gjcj〈JMψR, γµψL(JM L, γµλjR)〉,
(255)
where the minus sign comes from the one in (32). Performing the same calculations, we
find
1
2
C˜j,icij = cjgj (256)
here.
Lemma 64. The term (250) vanishes provided that
1
2
c′∗ijC˜i,j = −gici = PicGi . (257)
Proof. Using that [JM , γ5] = 0, (γ5)∗ = γ5 and (γ5)2 = 1, the first term of (250)
can be rewritten as
c′∗ij〈JM [/∂A, φ¯]L, λiRC˜i,jφ〉 = c′∗ij〈JM φ¯L, /∂AλiRC˜i,jφ〉,
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where we have used the self-adjointness of /∂A. The third term of (250) can be
written as
gici〈JM φ¯L, /∂AλiRφ〉 (258)
where we have used that /∂L = 0. On the other hand, the second and fourth
terms of (250) can be rewritten to yield
+ igici
∫
trNj
(
φ¯(JM L, γµλiR)D
µφ
)− cGi trNi Piφφ¯(JM L, /∂AλiR)S
= gici〈JM φ¯L, /∂AλiRφ〉 (259)
provided that gici = −PicGi . Then the two terms (258) and (259) cancel, pro-
vided that
c′∗ijC˜i,j + 2gici = 0.
Lemma 65. The expression (251) vanishes, provided that
c∗ij = c
′
ij = −2ic′iC˜i,jg−1i = 2ic′jC˜j,ig−1j . (260)
Proof. We start with (251):
c′i〈JMψR, γ5FiC˜i,jφR〉+ c∗ij
∫
trNj
(
Dµ(JM R, γ
5ψR)D
µφ
)
− c′ij〈JMψR, γ5 /∂A[/∂A, φ]R〉,
where we have used that {γ5, /∂A} = 0. Note that the second term in this expres-
sion can be rewritten as
−c∗ij〈JMψR, γ5DµDµφR〉
by using the cyclicity of the trace, the Leibniz rule for the partial derivative and
Lemma 77. (We have discarded a boundary term here.) Together, the three terms
can thus be written as
〈JMψR, γ5OφR), O = c′iC˜i,jFi − c∗ijDµDµ − c′ij /∂2A,
where we have used that /∂R = 0. We must show that the above expression can
equal zero. Using Lemma 75 we have, on a flat background:
/∂
2
A +DµD
µ = −1
2
γµγνFµν =
i
2
γµγν(giF
i
µν − gjF j oµν )
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since Aµ = −igiad(Aµ). Comparing the above equation with the expression for
O we see that if −c∗ij = −c′ij = 2ic′iC˜i,jg−1i , the operator O —applied to φR—
indeed equals zero. From transforming the fermionic action we also obtain the
term
c′j〈JMψR, γ5C˜i,jφFjR〉
from which we infer the last equality of (260)
Lemma 66. The expression (252) vanishes, provided that
c∗ijPi = c′GiC˜i,j (261)
Proof. The second term of (252) is rewritten using Lemmas 77, 79 and 80 to give
−c∗ij〈JMψR, γ5GiPiφR〉
establishing the result.
Then finally for the last group of terms we have:
Lemma 67. The expression (253) vanishes, provided that
dij = d
′∗
ij , dij,i = d
′∗
ijC˜i,j , dij,j = −d′∗ijC˜j,i. (262)
Proof. The first two identities of (262) are immediate. The third follows from the
term that we have omitted in (253), which is equal to the other term except that
λiRφ → φλjR, C˜i,j → C˜j,i and dij,i → −dij,j .
Combining the five lemmas above, we complete the proof of Theorem 34 with
the following proposition:
Proposition 68. A supersymmetric action remains supersymmetricO(Λ0) after adding
a ‘building block of the second type’ to the spectral triple if the scaled parameters in the
finite Dirac operator are given by
C˜i,j = i,j
√
2
Ki gi idM , C˜j,i = j,i
√
2
Kj gj idM (263)
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and if
c′ij = c
∗
ij = i,j
√
2Kici = −j,i
√
2Kjcj , (264a)
dij = d
′∗
ij = i,j
√
Ki
2
dij,i
gi
= −j,i
√
Kj
2
dij,j
gj
, (264b)
P2i = g2iK−1i , (264c)
cGi = i
√
Kici, (264d)
with ij , ji, i ∈ {±}.
Proof. Using Lemmas 62, 64, 65, 66 and 67, the action is seen to be fully super-
symmetric if the relations (254), (257), (260), (261) and (262) can simultaneously
be met. We can combine (254) and the second equality of (260) to yield
ic′iC˜
∗
i,jC˜i,j = g
2
i c
∗
i =⇒ C˜∗i,jC˜i,jci = −
2g2i
Ki c
∗
i ,
where in the last step we have used the relation (86) between ci and c′i. Inserting
the expression for C˜i,j from (105) and assuming that ci ∈ iR to ensure the reality
of C˜i,j , we find the first relation of (263). The other parameter, C˜j,i, can be ob-
tained by invoking Remark 63 and using (260), leading to the second relation of
(263). Plugging the former result into (260) and (262) (and invoking (86)) gives
the second equality in (264a) and those of (264b) respectively. Combining (261),
(263) and the second equality of (264a), we find
cGi = −g−1i KiPici. (265)
The combination of the second equality of (257) with (265) yields (264c). Finally,
plugging this result back into (265) gives (264d).
Note that upon setting Ki ≡ 1 (as should be done in the end) we recover the
well known results for both the supersymmetry transformation constants and
the parameters of the fermion–sfermion–gaugino interaction.
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A.4.3 Third building block
The off shell counterparts of the new interactions that we get in the four-scalar
action, are of the form (c.f. (226))
S123,B [ζ, ζ˜, F ]
=
∫
M
[
trF ∗ij(βij,kφikφ¯jk) + tr(φjkφ¯ikβ
∗
ij,k)Fij + trF
∗
ik(β
∗
ik,jφijφjk)+
+ tr(φ¯jkφ¯ijβik,j)Fik + tr(βjk,iφ¯ijφik)F
∗
jk + tr(φ¯ikφijβ
∗
jk,i)Fjk
]
≡
∫
M
[
trF ∗1 (β1φ2φ¯3) + tr(φ¯3φ¯1β2)F2 + tr(β3φ¯1φ2)F
∗
3 + h.c.
]
→
∫
M
[
trF ∗1 (β
′
1φ2φ¯3) + tr(φ¯3φ¯1β
′
2)F2 + tr(β
′
3φ¯1φ2)F
∗
3 + h.c.
]
. (266)
Here we have already scaled the fields according to (103) and have written
β′1 := N−13 β1N−12 , β′2 := N−13 β2N−11 , β′3 := N−11 β3N−12 . (267)
We apply the transformations (106) and (107) to the first term of (266) above,
giving:
trF ∗1 (β
′
1φ2φ¯3)→ tr
[(
d∗1(JM L, /∂Aψ1) + d
∗
1,i(JM L, γ
5φ¯1λiL)
− d∗1,j(JM L, γ5λjLφ¯1)
)
(β′1φ2φ¯3) (268)
+ trF ∗1 β
′
1c2(JM R, γ
5ψ2)φ¯3 + trF
∗
1 β
′
1φ2(JM R, γ
5ψ3)c
∗
3
]
,
where c1,2,3 should not be confused with the transformation parameter ci of the
building blocks of the first type. We have two more terms that can be obtained
from the above ones by interchanging the indices 1, 2 and 3:
tr(φ¯3φ¯1β
′
2)F2 → tr
[
(φ¯3φ¯1β
′
2)
(
d2(JM L, /∂Aψ2) + d2,i(JM L, γ
5λiLφ2)S
− d2,k(JM L, γ5φ2λkL)
)
(269)
+ tr c∗3(JM R, γ
5ψ3)φ¯1β
′
2F2 + tr φ¯3c
∗
1(JM R, γ
5ψ1)β
′
2F2
]
and
trF ∗3 (β
′
3φ¯1φ2)→ tr
[(
d∗3(JM L, /∂Aψ3)S + d
∗
3,j(JM L, γ
5φ¯3λjL)S
− d∗3,k(JM L, γ5λkLφ¯3)
)
(β′3φ¯1φ2) (270)
+ trF ∗3 β
′
3c
∗
1(JM R, γ
5ψ1)φ2 + trF
∗
3 β
′
3φ¯1c2(JM R, γ
5ψ2)
]
.
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We can omit the other half of the terms in (266) from our considerations.
We introduce the notation
Υ′1 := Υ1N−11 , Υ′2 := N−12 Υ2, Υ′3 := Υ3N−13 , (271)
for the scaled version of the parameters. Then for three of the fermionic terms of
(225), after scaling the fields, we get:
〈JMψ1, γ5ψ2φ¯3Υ′3∗〉 → 〈JM (c′∗1 γ5[/∂A, φ¯1]L + d′∗1 F ∗1 R), γ5ψ2φ¯3Υ′3∗〉
+ 〈JMψ1, γ5ψ2c∗3(JM R, γ5ψ3)Υ′3∗〉
+ 〈JMψ1, γ5(c′2γ5[/∂A, φ2]L + d′2F2R)φ¯3Υ′3∗〉,
(272)
〈JMψ1, γ5Υ′2∗φ2ψ3〉 → 〈JM (c′∗1 γ5[/∂A, φ¯1]L + F ∗1 d′∗1 R), γ5Υ′2∗φ2ψ3〉
+ 〈JMψ1, γ5Υ′2∗c2(JM R, γ5ψ2)ψ3〉
+ 〈JMψ1, γ5Υ′2∗φ2(c′∗3 γ5[/∂A, φ¯3]L + d′∗3 F ∗3 R)〉,
(273)
and
〈JMψ3, γ5φ¯1Υ′1∗ψ2〉 → 〈JM (c′∗3 γ5[/∂A, φ¯3]L + d′∗3 F ∗3 R), γ5φ¯1Υ′1∗ψ2〉
+ 〈JMψ3, γ5c∗1(JM R, γ5ψ1)Υ′1∗ψ2〉
+ 〈JMψ3, γ5φ¯1Υ′1∗(γ5[/∂A, c′2φ2]L + d′2F2R)〉.
(274)
We can safely omit the other terms of the fermionic action (225).
Collecting the terms from (268) – (274) containing the same variables, we obtain
the following groups of terms:
 a group with three fermionic terms:
〈JMψ1, γ5ψ2c∗3(JM R, γ5ψ3)Υ′3∗〉+ 〈JMψ1, γ5Υ′2∗c2(JM R, γ5ψ2)ψ3〉
+ 〈JMψ3, γ5c∗1(JM R, γ5ψ1)Υ′1∗ψ2〉
= 〈JMψ1, γ5ψ2ac∗3(JM R, γ5ψ3b)〉(Υ′3∗)ba
+ 〈JMψ1, γ5c2(JM R, γ5ψ2a)ψ3b〉(Υ′2∗)ba
+ 〈JMψ3b, γ5c∗1(JM R, γ5ψ1)ψ2a〉(Υ′1∗)ba, (275)
consisting of part of the second term of (272), the second term of (273) and
the second term of (274). Here we have explicitly written possible family
indices and have assumed that it is φij and ψij that lack these.
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 Three similar groups containing all terms with the auxiliary fields F ∗1 , F2
and F ∗3 respectively:
〈JMd′∗1 F ∗1 R, γ5ψ2φ¯3Υ′3∗〉+ 〈JMd′∗1 F ∗1 R, γ5Υ′2∗φ2ψ3〉
+
∫
M
trF ∗1 β
′
1c2(JM R, γ
5ψ2)φ¯3 + trF
∗
1 β
′
1φ2c
∗
3(JM R, γ
5ψ3),
(276a)
〈JMψ1, γ5d′2F2φ¯3Υ′3∗R〉+ 〈JMψ3, γ5φ¯1Υ′1∗d′2F2R)〉
+
∫
M
tr φ¯3c
∗
1(JM R, γ
5ψ1)β
′
2F2 + tr c
∗
3(JM R, γ
5ψ3)φ¯1β
′
2F2
(276b)
and
〈JMψ1, γ5Υ′2∗φ2d′∗3 F ∗3 R〉+ 〈JMd′∗3 F ∗3 R, γ5φ¯1Υ′1∗ψ2〉
+
∫
M
trF ∗3 β
′
3c
∗
1(JM R, γ
5ψ1)φ2 + trF
∗
3 β
′
3φ¯1c2(JM R, γ
5ψ2),
(276c)
where, for example, the first group comes from parts of the first terms of
(272) and of (273) and from the last two terms of (268).
 A group with the gauginos λiL, λjL:∫
M
tr
[
d∗1,i(JM L, γ
5φ¯1λiL)− d∗1,j(JM L, γ5λjLφ¯1)
]
(β′1φ2φ¯3)
+ tr(φ¯3φ¯1β
′
2)
[
d2,i(JM L, γ
5λiLφ2)− d2,k(JM L, γ5φ2λkL)
]
+ tr
[
d∗3,j(JM L, γ
5φ¯3λjL)− d∗3,k(JM L, γ5λkLφ¯3)
]
(β′3φ¯1φ2),
(277)
coming from the second and third terms of (268), (269) and (270) respec-
tively.
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 And finally three groups of terms containing the Dirac operator /∂A:
〈JMψ1, c′2[/∂A, φ2]φ¯3Υ′3∗L〉+ 〈JMψ1,Υ′2∗φ2c′∗3 [/∂A, φ¯3]L〉
+
∫
M
tr d∗1(JM L, /∂Aψ1)β
′
1φ2φ¯3, (278a)
〈JMc′∗1 [/∂A, φ¯1]L, ψ2φ¯3Υ′3∗〉+ 〈JMc′∗3 [/∂A, φ¯3]L, φ¯1Υ′1∗ψ2〉
+
∫
M
tr φ¯3φ¯1β
′
2d2(JM L, /∂Aψ2), (278b)
and
〈JMc′∗1 [/∂A, φ¯1]L,Υ′2∗φ2ψ3〉+ 〈JMψ3, φ¯1Υ′1∗c′2[/∂A, φ2]L〉
+
∫
M
tr d∗3(JM L, /∂Aψ3)β
′
3φ¯1φ2, (278c)
coming from parts of the first and third terms of (272) – (274) and from the
first terms of (268) – (270).
Lemma 69. The group (275) vanishes, provided that
c∗3Υ
′
3
∗ = c2Υ′2
∗ = c∗1Υ
′
1
∗ (279)
Proof. Since the terms contain four fermions, we must employ a Fierz transfor-
mation (Appendix A.5.1). Point-wise, we have for the first term of (275) (omit-
ting its pre-factor for now):
(JMψ1, γ
5ψ2)(JM R, γ
5ψ3)
= −C40
4
(JMψ1, ψ3)(JM R, ψ2)−
C41
4
(JMψ1, γ
µψ3)(JM R, γµψ2)
− C42
4
(JMψ1, γ
µγνψ3)(JM R, γµγνψ2)
− C43
4
(JMψ1, γ
µγ5ψ3)(JM R, γµγ
5ψ2)
− C44
4
(JMψ1, γ
5ψ3)(JM R, γ
5ψ2)
= −1
2
(JMψ1, γ
5ψ3)(JM R, γ
5ψ2) +
1
4
(JMψ1, γ
µγνψ3)(JM R, γµγνψ2),
where we have used that C40 = C44 = −C42 = 1 and that all fermions are of the
same chirality. (Note that the sum in the last term runs over µ < ν, see Example
186 A P P E N D I X
82.) Similarly, we can take the third term of (275), use the symmetries of the inner
product for both terms, and apply the same transformation. This yields
(JMψ3, γ
5(JM R, γ
5ψ1)ψ2)
= (JMψ2, γ
5ψ3)(JMψ1, γ
5R)
= −1
2
(JMψ2, γ
5R)(JMψ1, γ
5ψ3) +
1
4
(JMψ2, γ
µγνR)(JMψ1, γµγνψ3)
= −1
2
(JM R, γ
5ψ2)(JMψ1, γ
5ψ3)−
1
4
(JM R, γ
µγνψ2)(JMψ1, γµγνψ3),
(280)
where we have used the symmetries (292) for the second inner product in each
of the two terms of (280). We can add the two results, yielding
(JMψ1, γ
5ψ2)(JM R, γ
5ψ3c
∗
3Υ
′
3
∗) + (JMψ3, γ
5(JM R, γ
5ψ1)c
∗
1Υ
′
1
∗ψ2)
= −1
2
(c∗1Υ
′
1
∗ + c∗3Υ
′
3
∗)ba(JMψ1, γ
5ψ3b)(JM R, γ
5ψ2a)
+
1
4
(c∗3Υ
′
3
∗ − c∗1Υ′1∗)ba(JM R, γµγνψ2a)(JMψ1, γµγνψ3b)
When c∗3Υ′3∗ = c∗1Υ′1∗ = c2Υ′2∗, this result is seen to cancel the remaining term in
(275).
Lemma 70. The groups of terms (276) vanish, provided that
c2β
′
1 = −d′∗1 Υ′3∗, c∗3β′1 = −d′∗1 Υ′2∗, c∗3β′2 = −d′2Υ′1∗,
c∗1β
′
2 = −d′2Υ′3∗, c∗1β′3 = −d′∗3 Υ′2∗, c2β′3 = −d′∗3 Υ′1∗. (281)
Proof. This can readily be seen upon using Lemma 77, the cyclicity of the trace
and Lemma 79.
Lemma 71. The group of terms (277) vanishes, provided that
d∗1,iβ
′
1 = −d2,iβ′2, d∗1,jβ′1 = d∗3,jβ′3, d2,kβ′2 = −d∗3,kβ′3. (282)
Proof. This can readily be seen upon using the cyclicity of the trace and Lemma
79.
Lemma 72. The three groups of terms (278) vanish, provided that
Υ′3
∗c′2 = c
′∗
3 Υ
′
2
∗ = −d∗1β′1, Υ′3∗c′∗1 = c′∗3 Υ′1∗ = −β′2d2,
c′∗1 Υ
′
2
∗ = Υ′1
∗c′2 = −d∗3β′3. (283)
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Proof. This can be checked quite easily using the symmetry (292), the Leibniz
rule for /∂A and the fact that it is self-adjoint, that L,R vanish covariantly and
Lemmas 79 and 80.
Combining the above lemmas, we get:
Proposition 73. The extra action as a result of adding a building block Bijk of the third
type is supersymmetric if and only if the coefficients Υ ji , Υ
k
i and Υ
k
j are related to each
other via
Υ ji C
−1
iij = −(C∗iik)−1Υ ki , Υ ji C−1ijj = −Υ kj C−1jjk,
(C∗ikk)
−1Υ ki = −Υ kj C−1jkk, (284)
the constants of the transformations satisfy
|d1|2 = |d2|2 = |d3|2 = |c1|2 = |c2|2 = |c3|2 (285)
and the coefficients β′ij are given by
β′∗1 β
′
1 = β
′∗
2 β
′
2 = β
′∗
3 β
′
3 = Υ
′
1Υ
′
1
∗ = Υ′2Υ
′
2
∗ = Υ′3Υ
′
3
∗. (286)
Proof. First of all, we plug the intermediate result (254) for C˜i,j as given by (105)
(but keeping in mind the results of Remark 63) into the Hermitian conjugate of
the result (279) such that pairwise the same combination cigi appears on both
sides. This yields
Υ ji (−2cigi)C−1iij = (−2cigiC−1iik )∗Υ ki , Υ ji (2cjgjC−1ijj ) = Υ kj (−2cjgj)C−1jjk,
(2ckgkC
−1
ikk)
∗Υ ki = Υ
k
j (2ckgk)C
−1
jkk.
Using that the ci,j,k are purely imaginary (cf. Theorem 68), we obtain (284). Sec-
ondly, comparing the relations (281) with (283) gives
d1d
′
1 = (c2c
′
2)
∗ = c3c′3, (d2d
′
2)
∗ = c1c′1 = c3c
′
3, d3d
′
3 = c1c
′
1 = (c2c
′
2)
∗.
Using the relations (264a) and (264b) between the constraints, (285) follows. Plug-
ging the relations from (285) into those of (281), we obtain
β′∗1 β
′
1 = Υ
′
3Υ
′
3
∗ = Υ′2Υ
′
2
∗, β′∗2 β
′
2 = Υ
′
1Υ
′
1
∗ = Υ′3Υ
′
3
∗,
β′∗3 β
′
3 = Υ
′
2Υ
′
2
∗ = Υ′1Υ
′
1
∗,
from which (286) directly follows.
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N.B. Using (267) and (271) we can phrase the identities (286) in terms of the
unscaled quantities β1,2,3 and Υ1,2,3 as
N−13 β2 = β3N−12 = Υ1∗, N−13 β1 = β3N−11 = Υ2∗,
N−11 β2 = β1N−12 = Υ3∗,
where we have used that N1 ∈ R since φ1 has R = 1 (and consequently multi-
plicity 1).
A.4.4 Fourth building block
Phrased in terms of the auxiliary field F11′ =: F , a building block of the fourth
type induces the following action:
1
2
〈JMψ, γ5Υ∗mψ〉+
1
2
〈JMψ, γ5Υmψ〉 − tr
(
F ∗γφ¯+ h.c.
)
.
Here we have written ψ := ψ11′L, ψ := ψ11′R and φ := φ11′ for conciseness.
Transforming the fields that appear in the above action, we have the following.
 From the first term:
1
2
〈JM (c∗γ5[/∂A, φ]R + d∗FL), γ5Υ∗mψ〉
+
1
2
〈JMψ, γ5Υ∗m(c∗γ5[/∂A, φ]R + d∗FL)〉.
 From the second term:
1
2
〈JM (cγ5[/∂A, φ¯]L + dF ∗R), γ5Υmψ〉
+
1
2
〈JMψ, γ5Υm(cγ5[/∂A, φ¯]L + dF ∗R)〉.
 From the terms with the auxiliary fields:
− tr
[
d∗(JM L, /∂Aψ) + d
′∗(JM L, γ5φ¯λ1L)− d′′∗(JM L, γ5λ1′Lφ¯)
]
γφ¯
− c∗ trF ∗γ(JM R, γ5ψ)
and
− trφγ∗
[
d(JM R, /∂Aψ) + d
′(JM R, γ5λ1Rφ)− d′′(JM R, γ5φλ1′R)
]
− c tr(JM L, γ5ψ)γ∗F.
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Here we have written c := cij , d := dij (where we have expressed c′∗ij as cij and
d′∗ij as dij using (264a) and (264b)) and d
′ := d11′,1, d′′ := d11′,1′ . We group all
terms according to the fields that appear in them, leaving essentially the follow-
ing three.
 The group consisting of all terms with F ∗ and ψ :
1
2
〈JMdF ∗R, γ5Υmψ〉+ 1
2
〈JMψ, γ5ΥmdF ∗R〉
− c∗
∫
M
trF ∗γ(JM R, γ5ψ)
= 〈JMF ∗R, γ5(dΥm − c∗γ)ψ〉
where we have used the symmetry of the inner product from Lemma 77
and Lemma 79. This group thus only vanishes if
dΥm = c
∗γ. (287)
There is also a group of terms featuring F and ψ, but this is of the same
form as the one above.
 A group of three terms with ψ and φ:
1
2
〈JMc∗γ5[/∂A, φ]R, γ5Υ∗mψ〉+
1
2
〈JMψ, γ5Υ∗mc∗γ5[/∂A, φ]R〉
−
∫
M
trφγ∗d(JM R, /∂Aψ)
= 〈JMc∗γ5[/∂A, φ]R, γ5Υ∗mψ〉 − 〈JMφR, /∂Aγ∗dψ〉,
where also here we have used Lemmas 77 and 79. Using the self-adjointness
of /∂A this is only seen to vanish if
c∗Υ∗m = γ
∗d. (288)
There is also a group of terms featuring ψ and φ¯ but these are seen to be of
the same form as the terms above.
 Finally, there are terms that feature gauginos:
−
∫
M
[
tr d′∗(JM L, γ5φ¯λ1L)− d′′∗(JM L, γ5λ1′Lφ¯)
]
γφ¯
−
∫
M
trφγ∗
[
d′(JM R, γ5λ1Rφ)− d′′(JM R, γ5φλ1′R)
]
.
190 A P P E N D I X
This expression is immediately seen to vanish when
d′∗λ1L = d′′∗λ1′L, d′λ1R = d′′λ1′R.
For this to happen we need that the gauginos are associated to each other
and that d′ = d′′.
Combining the demands (287) and (288) we obtain
Υ∗mΥm =
|c|2
|d|2 γ
∗γ =
|d|2
|c|2 γ
∗γ
i.e.
Υ∗mΥm = γ
∗γ, |d|2 = |c|2.
A.4.5 Fifth building block
We transform the fields that appear in the action according to (106) and (107).
We suppress the indices i and j as much as possible, writing c ≡ cij , d ≡ dij
for the transformation coefficients (107) of the building block B+ij of the second
type. We eliminate c′ij and d
′
ij in these transformations using the first relations
of (264a) and (264b) so that we can write c′, d′ for those associated to B−ij .
The first fermionic term of (154) transforms as
〈JMψR, γ5µψ′R〉 → 〈JM (γ5c[/∂A, φ¯]L + dF ∗R), γ5µψ′R〉
+ 〈JMψR, γ5µ(c′∗γ5[/∂A, φ′]L + d′∗F ′R)〉
The second fermionic term of (154) transforms as
〈JMψ′L, γ5µ∗ψL〉 → 〈JM (c′γ5[/∂A, φ¯′]R + d′F ′∗L), γ5µ∗ψL〉
+ 〈JMψ′L, γ5µ∗(c∗γ5[/∂A, φ]R + d∗FL)〉
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The four terms in (155) transform as
−
∫
M
trF ′∗δφ→ −
∫
M
(
tr
[
d′∗(JM R, /∂Aψ
′
L) + d
′∗
ij,i(JM R, γ
5φ¯′λiR)
− d′∗ij,j(JM R, γ5λjRφ¯′)
]
δφ+ trF ′∗δc(JM L, γ5ψL)
)
,
−
∫
M
trF ∗δ′φ′ → −
∫
M
(
tr
[
d∗(JM L, /∂AψR) + d
∗
ij,i(JM L, γ
5φ¯λiL)
− d∗ij,j(JM L, γ5λjLφ¯)
]
δ′φ′ + trF ∗δ′c′(JM R, γ5ψ′R)
)
,
−
∫
M
tr φ¯δ∗F ′ → −
∫
M
(
tr c∗(JM R, γ5ψR)δ
∗F ′ + tr φ¯δ∗
[
d′(JM L, /∂Aψ
′
R)
+ d′ij,i(JM L, γ
5λiLφ
′)− d′ij,j(JM L, γ5φ′λjL)
])
and
−
∫
M
tr φ¯′δ′∗F → −
∫
M
(
tr c′∗(JM L, γ5ψ
′
L)δ
′∗F + tr φ¯′δ′∗
[
d(JM R, /∂AψL)
+ dij,i(JM R, γ
5λiRφ)− dij,j(JM R, γ5φλjR)
])
.
We group all terms that feature the same fields, which gives
 a group with F and F ′:
d′∗〈JMψR, γ5µF ′R〉+ d∗〈JMψ
′
L, γ
5µ∗FL〉
−
∫
M
(
tr c∗(JM R, γ5ψR)δ
∗F ′ + tr c′∗(JM L, γ5ψ
′
L)δ
′∗F
)
.
Using Lemmas 80 and 79 and employing the symmetries of the inner prod-
uct (Lemma 77), this is seen to equal
d′∗〈JMψR, γ5µF ′R〉+ d∗〈JMψ
′
L, γ
5µ∗FL〉
− c∗〈JMψR, γ5δ∗F ′R〉 − c′∗〈JMψ
′
L, γ
5δ′∗FL〉
= 〈JMψR, γ5
[
d′∗µ− c∗δ∗]F ′R〉+ 〈JMψ′L, γ5[d∗µ∗ − c′∗δ′∗]FL〉
This only vanishes if
d′∗µ = c∗δ∗, d∗µ∗ = c′∗δ′∗. (289)
 a group with F ∗ and F ′∗, that vanishes automatically if and only if (289) is
satisfied.
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 a group featuring ψ′R and ψL:
〈JMc[/∂A, φ¯]L, µψ′R〉+ c′〈JM [/∂A, φ¯′]R, µ∗ψL〉
−
∫
M
(
tr φ¯δ∗d′(JM L, /∂Aψ
′
R) + tr φ¯
′δ′∗d(JM R, /∂AψL)
)
.
Employing Lemmas 79 and 80 this is seen to equal
〈JMc[/∂A, φ¯]L, µψ′R〉+ c′〈JM [/∂A, φ¯′]R, µ∗ψL〉
− d′〈JM φ¯δ∗L, /∂Aψ′R〉 − d〈JM φ¯′δ′∗R, /∂AψL〉
Using the self-adjointness of /∂A, that [µ, /∂A] = 0 and the symmetries of the
inner product, this reads
〈JM φ¯L,
[
cµ− d′δ∗]/∂Aψ′R〉+ 〈JM φ¯′R, [c′µ∗ − dδ′∗]/∂AψL〉.
We thus require that
cµ = d′δ∗, c′µ∗ = dδ′∗ (290)
for this to vanish.
 a group with ψR and ψ
′
L that vanishes if and only if (290) is satisfied.
 a group with the left-handed gauginos:
−
∫
M
(
tr
[
d∗ij,i(JM L, γ
5φ¯λiL)− d∗ij,j(JM L, γ5λjLφ¯)
]
δ′φ′
+ tr φ¯δ∗
[
d′ij,i(JM L, γ
5λiLφ
′)− d′ij,j(JM L, γ5φ′λjL)
])
= −〈JM
(
d∗ij,iδ
′φ′φ¯+ d′ij,iφ
′φ¯δ∗
)
L, γ
5λiL〉
+ 〈JM
(
d∗ij,j φ¯δ
′φ′ + d′ij,j φ¯δ
∗φ′
)
L, γ
5λjL〉,
where we have used Lemmas 80 and 79. For this to vanish, we require that
d∗ij,iδ
′ = −d′ij,iδ∗, d∗ij,jδ′ = −d′ij,jδ∗.
Inserting (290) above this is equivalent to
d∗ij,i
c′∗
d∗
= −d′ij,i
c
d′
, d∗ij,j
c′∗
d∗
= −d′ij,j
c
d′
.
A.5 A U X I L I A R Y L E M M A S A N D I D E N T I T I E S 193
 A group with the right-handed gauginos
−
∫
M
tr
[
d′∗ij,i(JM R, γ
5φ¯′λiR)− d′∗ij,j(JM R, γ5λjRφ¯′)
]
δφ
−
∫
M
tr φ¯′δ′∗
[
dij,i(JM R, γ
5λiRφ)− dij,j(JM R, γ5φλjR)
]
= −〈JM
(
d′∗ij,iδφφ¯
′ + dij,iφφ¯′δ′∗
)
R, γ
5λiR〉
+ 〈JM
(
d′∗ij,j φ¯
′δφ+ dij,j φ¯′δ′∗φ
)
R, γ
5λjR〉,
which vanishes iff
d′∗ij,iδ = −dij,iδ′∗, d′∗ij,jδ = −dij,jδ′∗.
Combining all relations, above, we require that
|c|2 = |d′|2, |c′|2 = |d|2, |dij,i|2 = |d′ij,i|2, |dij,j |2 = |d′ij,j |2,
for the transformation constants and
δδ∗ = µ∗µ, δ′δ′∗ = µµ∗
for the parameters in the off shell action.
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In this section we provide some auxiliary lemmas and identities that are used in
and throughout the previous proofs.
Lemma 74. For the spin-connection ∇S : Γ(S) → A1(M) ⊗C∞(M) Γ(S) on a flat
manifold we have:
[∇S , γµ] = 0. (291)
Proof. The spin-connection is the unique connection compatible with the Levi-
Civita connection on T ∗M , which means that it satisfies
∇Sc(α) = c(α)∇S + c(∇gα)
for any α ∈ Γ∞(Cl(M)). Here c : Γ(Cl(M)) → Γ(End(S)) is the spin homo-
morphism. Taking in particular α = dxµ, writing γµ = c(dxµ) and using that
∇gdxµ = −Γµνλdxν ⊗ dxλ = 0 for a flat manifold, we have
∇Sγµ = γµ∇S .
Here we have used that c(dxµ ⊗ dxν) = c(dxµ ∧ dxν) + c({dxµ,dxν}).
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Lemma 75. Let /∂A = −ic ◦ (∇S + A) and Dµ = (∇S + A)µ. For a flat manifold, we
have locally:
/∂
2
A +DµD
µ = −1
2
γµγνFµν .
Proof. Locally we write
/∂A = −ic(dxµ)(∇Sµ + Aµ)
where Aµ is skew-Hermitian in order for /∂A to be self-adjoint. Now for the
square of this, we have
/∂
2
A = −c(dxµ)(∇Sµ + Aµ)c(dxν)(∇Sν + Aν)
= −c(dxµ)c(dxν)(∇Sµ + Aµ)(∇Sν + Aν)− c(dxµ)c(∇g∂µdxν)(∇Sν + Aν),
of which the last term vanishes for a flat manifold. Here we have employed that
the spin connection is the unique connection compatible with the Levi-Civita
connection. We write:
c(dxµ)c(dxν) =
1
2
{c(dxµ), c(dxν)}+ 1
2
[c(dxµ), c(dxν)]
= gµν +
1
2
[c(dxµ), c(dxν)]
to arrive at
/∂
2
A = −(∇S + A)µ(∇S + A)µ −
1
2
c(dxµ)c(dxν)[∇Sµ + Aµ,∇Sν + Aν ]
obtaining the result.
Corollary 76. By applying the previous result, we have for ζ˜ik ∈ C∞(M,Ni ⊗Nk),
 ∈ L2(M,S)
(/∂A[/∂A, ζ˜ik]+Dµ[D
µ, ζ˜ik]) =
1
2
[F, ζ˜ik]+ [Dµ, ζ˜ik]∇Sµ+ [/∂A, ζ˜ik]/∂,
where the term with R vanished due to the commutator.
Lemma 77. Let M be a four-dimensional Riemannian spin manifold and 〈 . , . 〉 :
L2(S) × L2(S) → C the inner product on sections of the spinor bundle. For P a basis
element of Γ(Cl(M)), we have the following identities:
〈JMζ1,Pζ2〉 = piP〈JMζ2,Pζ1〉, piP ∈ {±},
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for any ζ1,2, the Grassmann variables corresponding to ζ ′1,2 ∈ L2(S). The signs piP are
given by
piid = 1, piγµ = −1, piγµγν = −1 (µ < ν),
piγµγ5 = 1, piγ5 = 1. (292)
Proof. Using that J2M = −1 and 〈JMζ ′1, JMζ ′2〉 = 〈ζ ′2, ζ ′1〉, we have
〈JMζ ′1,Pζ ′2〉 = −〈JMζ ′1, J2MPζ ′2〉 = −〈JMPζ ′2, ζ ′1〉.
When considering Grassmann variables, we obtain an extra minus sign (see the
discussion in [41, §4.2.6]). From JMγµ = −γµJM , (γµ)∗ = γµ and γµγν = −γνγµ
for µ 6= ν, we obtain the result.
Corollary 78. Similarly ([23, §4]) we find by using that /∂∗M = /∂M and JM /∂M =
/∂MJM , that
〈JMζ1, /∂Mζ2〉 = 〈JMζ2, /∂Mζ1〉 (293)
for the Grassmann variables corresponding to any two ζ ′1,2 ∈ L2(S).
Lemma 79. For any φ ∈ C∞(M,Ni ⊗Noj), ψ ∈ L2(S ⊗Nj ⊗Noi ) and  ∈ L2(S)
we have
trNi φ(JM , ψ)S = (Jφ, ψ)H.
Proof. This can be seen easily by writing out the elements in full detail:
ζ˜ = f ⊗ e⊗ e¯′, ψ = ζ ⊗ η ⊗ η¯′, f ∈ C∞(M,C), ζ ∈ L2(S).
Lemma 80. Let ψ1 ∈ L2(S⊗Ni⊗Noj), ψ2 ∈ L2(S⊗Nk⊗Noi ), ψ2 ∈ L2(S⊗Nj ⊗
Nok), φ ∈ C∞(M,Nj ⊗Nok) and φ′ ∈ C∞(M,Nk ⊗Noi ), then
〈Jψ1φ, ψ2〉 = 〈Jψ1, φψ2〉 and 〈Jψ1, ψ2φ′〉 = 〈Jφ′ψ1, ψ2〉. (294)
Proof. This can simply be proven by using that the right action is implemented
via J and that J is an anti-isometry with J2 = ±.
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A.5.1 Fierz transformations
Details for the Fierz transformation in this context can be found in the Appendix
of [15] but we list the main result here.
Definition 81 (Orthonormal Clifford basis). LetCl(V ) be the Clifford algebra over a
vector space V of dimension n. Then γK := γk1 · · · γkr for all strictly ordered sets K =
{k1 < . . . < kr} ⊆ {1, . . . , n} form a basis for Cl(V ). If γK is as above, we denote with
γK the element γk1 · · · γkr . The basis spanned by the γK is said to be orthonormal if
tr γKγL = nnKδKL ∀K,L. Here nK := (−1)r(r−1)/2, where r denotes the cardinality
of the set K and with δKL we mean
δKL =
{
1 if K = L
0 else
. (295)
Example 82. Take V = R4 and let Cl(4, 0) be the Euclidean Clifford algebra [i.e. with
signature (+ + + +)]. Its basis are the sixteen matrices
1
γµ (4 elements)
γµγν (µ < ν) (6 elements)
γµγνγλ (µ < ν < λ) (4 elements)
γ1γ2γ3γ4 =: γ5.
We can identify
γ1γ2γ3 = γ4γ5, γ1γ3γ4 = γ2γ5 γ1γ2γ4 = −γ3γ5, γ2γ3γ4 = −γ1γ5,
(296)
establishing a connection with the basis most commonly used by physicists.
We then have the following result:
Proposition 83 ((Generalized) Fierz identity). If for any two strictly ordered sets
K,L there exists a third strictly ordered set M and c ∈ N such that γKγL = c γM , we
have for any ψ1, . . . , ψ4 in the n-dimensional spin representation of the Clifford algebra
〈ψ1, γKψ2〉〈ψ3, γKψ4〉 = − 1
n
∑
L
CKL〈ψ3, γLψ2〉〈ψ1, γLψ4〉, (297)
where the constants CLK ≡ nLfLK , fLK ∈ N are defined via γKγLγK = fKLγL (no
sum over L). Here we have denoted by 〈., .〉 the inner product on the spinor representa-
tion.
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Algebra
An (associative) algebra A is a vector space over a field F that is equipped with
a multiplication (here denoted by juxtaposition) which satisfies
 (λa)(µb) = (λµ)(ab),
 (a+ b)c = ac+ bc and a(b+ c) = ab+ ac,
 (ab)c = a(bc) (associativity)
for all λ, µ in F, a, b, c in A. 16
Antiunitary
An antiunitary operator U on a Hilbert spaceH is a bijective, antilinear operator
such that
〈Uψ1, Uψ2〉 = 〈ψ2, ψ1〉
for all ψ1,2 ∈ H. 18
Automorphism
An automorphism is an isomorphism from a certain mathematical object to itself.
What the demands for being isomorphic are depends on the object in question.
In the case of an algebra A it is a bijective map σ from A to itself that satisfies
σ(λa) = λσ(a), σ(a+ b) = σ(a) + σ(b) and σ(ab) = σ(a)σ(b) for all λ in F, a, b in
A. 21
Banach algebra
A Banach algebra A is a Banach space (i.e. a vector space that carries a norm
‖.‖ and is complete with respect to that norm) that in addition is an algebra.
The norm on A and multiplication of its elements must moreover satisfy ‖ab‖ ≤
‖a‖‖b‖ for all a, b in A. 16
Bimodule
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If E is a left module over an algebraA and a right module over B and the left and
right actions on E are compatible in the sense that (aη)b = a(ηb) for all a ∈ A,
b ∈ B and η ∈ E , then E is said to be a (A-B-)bimodule. 20, 26, 29
C∗-algebra
An algebra A over C is said to be a C∗-algebra when it is an involutive Banach
algebra that satisfies ‖a∗a‖ = ‖a‖‖a∗‖ for all a in A. 16
Compact
A topological space X is said to be compact (e.g. [77, §2.3.5]) if for any cover U ,
i.e.
X =
⋃
U∈U
U, U = {U,U ⊂ X}
there exists a finite subcover {U1, . . . , Un} ⊂ U , i.e. X =
⋃
i Ui also. A compact
operator is an operator that maps any bounded set to a relatively compact set.
Perhaps a bit more intuitively, a compact operator K on a Hilbert space H can
be written [86, VI] in the form
K =
N∑
i=1
λi〈ei, .〉fi,
with orthonormal sets {ei}Ni=1 and {fi}Ni=1 of elements of H and {λi}Ni=1 real
and positive, such that λi → 0, which is the only accumulation point of K. The
number N may be finite or infinite. 16
Connection
Let M be a differentiable manifold and (M,pi,E) a smooth vector bundle. For
a tangent vector field v ∈ TM , the connection ∇ defines a covariant derivative
∇v along v which is a map from the sections Γ(E) of the vector bundle to itself.
Examples are the Levi-Civita connection∇g∂µ , for which∇
g
∂µ
(∂ν) = Γ
λ
µν∂λ (with
Γλµν the Christoffel symbols) when (M, g) is a Riemannian manifold and E = TM
(e.g. [54, §7.1]), and the spin connection on a spinor bundle, when M is a Rie-
mannian spin manifold (e.g. [54, 9.3]). 17, 18, 163
Contragredient
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For a left-Amodule E , we define the contragredient module Eo by
Eo := {η¯, η ∈ E}, with η¯a = a∗η,∀a ∈ A.
Then Eo is seen to be a right-A module, i.e. (η¯a)b = (η¯)(ab), η¯(a + b) = η¯a + η¯b
and (η¯ + ζ¯)a = η¯a+ ζ¯a, for all a, b ∈ A and η, ζ ∈ E . 26, 29
Endomorphism
A homomorphism φ : E → E (i.e. a ‘structure preserving’ map) from a certain
object to itself. When E is a left A-module, φ is an endomorphism if φ(aη) =
aφ(η) ∈ E and φ(η1 + η2) = φ(η1) + φ(η2) ∈ E for all η, η1,2 ∈ E and a ∈ A. 163
Grading
A grading γ is a linear operator on a Hilbert space that satisfies γ∗ = γ and
γ2 = 1. This makes it possible to divide the space it acts on into subspaces of
positive and negative γ eigenvalue via the projection operators 12 (1± γ). 18, 20
Hausdorff
A property of a space that is of topological nature. A topological space X is
called a Hausdorff space if any two distinct points that it contains are separated
by neighbourhoods [77, §2.3.3]. (Practically, all spaces that one encounters in
physics are Hausdorff spaces.) 16
Involutive
An algebra A is called involutive if for each a ∈ A, there is an a∗ ∈ A such that
(a∗)∗ = a, (ab)∗ = b∗a∗ and (λa)∗ = λ¯a∗, ∀a, b ∈ A, λ ∈ F. 16
Module
Let A be an algebra over the field F. A left module E over A is a vector space
over F that at the same time carries a left-action of A, satisfying:
 a(bη) = (ab)η,
 (a+ b)η = aη + bη,
 a(η + ζ) = aη + aζ,
for all a, b inA and η, ζ in E . In a similar fashion we can define right modules. 18
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Norm
Let V be a vector space over the field F. A norm ‖.‖ is a map from V to R+ that
satisfies
 ‖u+ v‖ ≤ ‖u‖+ ‖v‖ (triangle inequality),
 ‖v‖ = 0⇔ v = 0,
 ‖λv‖ = |λ|‖v‖
for all u, v ∈ V , λ ∈ F. 16
Quaternions
The algebra over R that is generated by the elements 1, I , J and K, satisfying
I2 = J2 = K2 = −1 and IJ = K. The quaternions can be represented by two-
by-two complex matrices in which case they are spanned by the unit matrix and
the Pauli spin matrices. 25
Resolvent
For a closed operator A on a Hilbert space H and complex number z not in the
spectrum of A,
Rz(A) := (zI −A)−1
is called the resolvent of A (see e.g. [86, VIII.1], [54, §7.4]). 16
Section
A section σ of a vector bundle (M,pi,E) is a continuous map σ : U → E, with
U an open subset of M , such that pi ◦ σ = idU (see e.g. [54, Ch. 2]). The sections
of a vector bundle are vector fields (i.e. σ(x) ∈ Ex), those of a spinor bundle are
spinor fields. The collection of sections with values in Ex is typically denoted by
Γ(E).
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E
x1
x2 x3
x4
M
Ex4σ(x3)
Ex1
σ
In the Figure there is a very schematic visualization of a section σ of a vector
bundle E. 17, 18
Self-adjoint
An operator A on a Hilbert space H is said to be self-adjoint, if A∗ = A (with
respect to the inner product onH) and the domains of A and A∗ coincide. If A is
a finite-dimensional matrix, then it is also said to be Hermitian. 16
Spinor bundle
An example of a vector bundle. The base space of a spinor bundle is a Riemannian
manifold (M, g) that admits a spin structure. Roughly speaking, the fibers Sx of
the spinor bundle (M,pi, S) are in addition to vector spaces also representations
of the spin group, i.e. the elements of Sx are spinors (see e.g. [71, Ch. 2]). 17, 18
Square-integrable
The square integrable sections of a spinor bundle are those ψ for which
〈ψ,ψ〉 ≡
∫
M
(ψ,ψ)(x)
√
gdmx <∞,
where
( . , . ) : Γ(S)× Γ(S)→ C(M)
is the Hermitian pairing on Γ(S), the sections of S (see e.g. [54, §9.3]) 18
Unital
A unital algebra is an algebra A that has a multiplicative element 1, satisfying
1 a = a 1 = a for all a in A. 16
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Vector bundle
A vector bundle over a manifold M is the object (M,pi,E), where pi : E → M is
a continuous surjection and
E =
⊔
x∈M
Ex Ex = pi
−1(x),
the disjoint union of spaces Ex, each carrying the structure of a vector space (see
e.g. [54, Ch. 2]). A classical example is E = TM (with Ex = TxM , the tangent
space of M at the point x).
S2
TxS
2x
In the Figure this is demonstrated for the case of the two-sphere S2. For each of
its points x we can take the tangent space TxS2, the collection of all such spaces
makes up TS2. 162
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S U M M A RY
Today we know so much more about the world —including ourselves— and
what it is made of than even a couple of decades ago. The Standard Model of ele-
mentary particles (SM) describes with remarkable precision how the elementary
particles that we observe interact with each other. The experimental verification
of the Higgs boson is the last piece of the puzzle, and the crown on the SM. Yet,
many fundamental questions remain to captivate physicists. For instance:
 Is there a theory that properly combines quantum field theory with grav-
ity?
 Why do we observe precisely the SM-particles, and why not more? Or
less?
 What accounts for the dark matter that astrophysicists observe?
 Why do all fermions appear in three copies that are identical, save for their
masses?
 What keeps the Higgs boson mass stable when considering loop correc-
tions?
 Why is the mass of the neutrinos so small compared to that of —say— the
top quark?
In the past decades the academic community has witnessed the birth of a plethora
of theories that address one or more of the above questions. Some of them entail
only minor modifications to the SM, others require us to radically reconsider the
origin of the laws of nature. The hope is that there will scientific progress in the
upcoming years via the falsification of many such theories by the results of the
Large Hadron Collider. We live in fascinating times indeed!
In this thesis we focus on an alternative way to obtain particle theories such as
the SM on the one hand, and on a particular extension of the SM on the other. In
fact, it is the combination of both that we are after. The first of these comes from
the field of noncommutative geometry (NCG). Historically, this is a branch of
mathematics, but it has applications in physics. From the latter point of view it
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can be considered as a generalization of Einstein’s theory of General Relativity
in the sense that it admits spaces to exhibit some notion of noncommutativity. A
particular class of noncommutative geometries —called almost-commutative ge-
ometries (ACGs)— does a marvelous job at describing gauge theories, of which
the SM is an example. These ACGs are constructed by combining a commutative
geometry, consisting of a curved space(time) on which there ‘live’ fermions, with
a so-called finite noncommutative geometry. The latter has three ingredients:
 a finite algebra, closely related to the gauge group — a notion common in
particle theories;
 a finite Hilbert space, that gives the aforementioned fermions an internal
structure;
 a matrix that acts on the finite Hilbert space, which is called the finite Dirac
operator. It is the finite counterpart of the operator that appears in the
Dirac equation.
The constraints that are imposed on these ACGs by the axioms of NCG translate
to properties of particle theories that are actually observed in experiments. NCG
thus provides us new ways, of geometrical nature, to understand theories such
as the SM. The latter in fact comes out as very natural in this context.
The aforementioned extension of the Standard Model encompasses supersymme-
try. This line of thought was once devised to ‘get the most’ out of quantum field
theories, by using all its possible symmetries. Applying it to the SM in partic-
ular requires extending it with a set of new particles, one for each particle that
we have currently observed. This leads to a theory that provides an answer to
some of the fundamental open questions, raised above. The theory is called the
Minimal Supersymmetric Standard Model (MSSM). At the LHC, experimenters
vigorously look for signals that hint at its validity. To date, however, these have
not been observed. Despite this lack of experimental success, the MSSM remains
one of the prime candidates for a ‘beyond the Standard Model’ theory.
A natural question to ask is then if noncommutative geometry and supersym-
metry go well together, i.e. if the framework of NCG admits models that exhibit
supersymmetry. This question has already been around for some time, but de-
spite several previous attempts by others, its answer was still inconclusive.
This PhD thesis is devoted mainly to address this subject and combining NCG
and supersymmetry. We have restricted ourselves to the class of almost-commutative
geometries, in combination with the spectral action principle, a combination that
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was of immense value in obtaining the SM from NCG. In addition, we have re-
stricted our analysis to finite KO-dimension 6, that allows us to solve the fermion
doubling problem in 4 space-time dimensions.
We have first turned to general extensions of the SM in NCG, supersymmetric
or not. We have translated several physical demands (anomaly-freedom, correct
hypercharges) and properties (the existence of a GUT-point) into constraints on
the multiplicities of particles. The SM only satisfies these constraints when three
right-handed neutrinos are added to the particle content. Although the MSSM
particle content is anomaly free, it does not yield a GUT-point nor does it give the
correct hypercharges. This last problem can be solved by introducing the notion
of R-parity —one that is characteristic for supersymmetry— in the context of
almost-commutative geometries and modifying some expressions accordingly.
In order to answer the question of whether a certain ACG exhibits supersym-
metry or not, a distinction must be made between the almost-commutative ge-
ometry itself and its associated action functional. Necessary for supersymmetry
is the equality of fermionic and bosonic degrees of freedom. At the level of the
ACGs, this leads us to the identification of supersymmetric building blocks and a
diagrammatic approach to manage calculations. These are additions to the ACG
(consisting of components of the finite Hilbert space and Dirac operator) that
yield degrees of freedom eligible for supersymmetry. Since this demand must
hold both on shell and off shell, we are forced to introduce (non-physical) auxil-
iary fields by hand, since the spectral action is interpreted as the on shell action.
The requirement for the total action to actually be supersymmetric (i.e. its vari-
ation under the supersymmetry transformations vanishes) then depends on the
value of the components of the finite Dirac operator. In total, we have identified
five such building blocks. For each of them, the action that results corresponds
in form to a term in the superfield method, in which supersymmetry is most
often phrased. In somewhat more detail, we have the following building blocks.
 A building block consisting of two copies of an adjoint representation in
the finite Hilbert space that have opposite handedness. This gives rise to a
gaugino and a gauge boson and an action that is similar to that of a vector
multiplet in the superfield formalism.
 Given two different building blocks of the above type, we can define a
second type of building block. It consists of a non-adjoint representation
in the finite Hilbert space —along with its conjugate— and all components
of the finite Dirac operator that are consequentially possible. These are the
components that map the non-adjoint representations to the adjoint ones,
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and vice versa. The non-adjoint representation gives rise to a fermion and
the components of the finite Dirac operator generate a scalar field. Both
are seen to automatically be in the same representation of the gauge group.
This corresponds to a chiral multiplet in the parlance of superfields.
 Given three building blocks of the second type whose representations in
the Hilbert space have the appropriate handedness, one can define another
building block by considering all (six) components of the finite Dirac op-
erator that this set up gives rise to. The extra interactions in the action
correspond to those of a superpotential term that is the product of three
chiral superfields.
 The remaining two types of building blocks introduce mass terms. Both
consist of a component of the finite Dirac operator that does not generate
any scalar fields. One of these types is a Majorana mass term, which re-
quires a building block of the second type that describes a gauge singlet
(e.g. a right-handed neutrino). The other type is a mass-like term which
requires two building blocks of the second type that are the same, save for
their opposite handedness.
In the process, all formal properties of and demands on almost-commutative
geometries are respected.
Characteristic for this approach is that each new addition to an ACG provides ex-
tra contributions to the pre-factors of terms that were previously already present
in the action. This requires reassessing all interactions with each newly added
building block. To manage this, we have set up a list with all possible terms
that occur in the action and all possible contributions to them from each build-
ing block. The action is then supersymmetric if for a particular set of building
blocks all the pre-factors of the terms that occur in the action can be equated
to the value required for supersymmetry. At least for the most straightforward
situations (a single building block of the second type, a single building block of
the third type) this is not the case; the set up turns out to be over-constrained.
An interesting phenomenon occurring is that in some cases the demand of a
supersymmetric action puts constraints on the number of particle generations.
Inseparable from supersymmetry is its breaking, required to give (realistic) masses
to the particles appearing in the theory. We observe that soft supersymmetry
breaking interactions appear automatically in the spectral action. Hence, NCG
provides a new soft supersymmetry breaking mechanism. There are in fact only
two supersymmetry breaking sources: the trace of the finite Dirac operator squared,
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which yields mass-like terms for the scalars, and gaugino masses. The second is
the most prominent one. Interestingly, the gaugino masses provide a cascade of
other soft breaking interactions, each of them associated to one of the five build-
ing blocks. In particular, they also give contributions to the scalar mass terms.
These are of opposite sign with respect to those from the trace of the finite Dirac
operator squared. This is required for the scalar mass terms to have the right
sign needed to prevent them from maximally breaking the gauge group.
This sets the stage for answering the central question, concerning a noncommu-
tative version of the MSSM. There exists a set of building blocks whose particle
content corresponds to that of the MSSM and whose fermionic interactions co-
incide with those of the MSSM. However, the relevant constraints on the four-
scalar interactions that were mentioned above can only be satisfied for a non-
integer number of particle generations. Thus, the almost-commutative geometry
whose particle content is equal to that of the MSSM has a spectral action that is not
supersymmetric.
Properties of this theory hint at possible extensions of the MSSM that do satisfy
all constraints, but to find it (or any other positive example of a supersymmet-
ric NCG for that matter) requires a more constructive, and possibly automated,
approach. If such a search would yield one or more positive results, these will
—due to the stringency of this approach— at least enjoy a very special status.
S A M E N VAT T I N G
Vandaag de dag weten we zoveel meer over de wereld om ons heen —inclusief
onszelf— en waar deze uit bestaat, dan zelfs maar een maar decennia geleden.
Het zogenoemde Standaard Model van de elementaire deeltjes (SM) beschrijft
met uitzonderlijke precisie welke elementaire deeltjes er zijn en hoe zij met el-
kaar interageren. De vondst van het Higgs boson bij CERN in Genève in 2013
vormde het tot dan toe laatste ontbrekende puzzelstukje voor het SM. Deson-
danks zijn er nog talloze fundamentele vragen die bij natuurkundigen tot hoofd-
brekens leiden. Een paar daarvan zijn de volgende.
 Bestaat er één enkele theorie die op een succesvolle manier all fundamen-
tele natuurkrachten weet te verenigen?
 Waarom nemen wij precies de deeltjes van het SM experimenteel waar? En
waarom niet meer? Of minder?
 Waaruit bestaat de donkere materie die sterrenkundigen waarnemen?
 Waarom zijn er van elk fermion drie kopieën, die identiek zijn op hun
massa na?
 Is er iets dat de massa van het Higgs boson stabiel houdt, als we hogere-
orde luscorrecties meenemen in de berekeningen?
 Waarom is er zo’n enorm verschil in massa’s tussen de neutrino’s en bij-
voorbeeld het top quark?
In de afgelopen decennia kende de academische gemeenschap de opkomst van
vele nieuwe theorieën die één of meer van bovenstaande vragen probeerden
te beantwoorden. Sommige van die theorieën zijn slechts kleine aanpassingen
aan het Standaard Model. Andere, daarentegen, werpen zelfs de manier waarop
we tot nu toe over natuurwetten dachten omver. Men hoopt de komende jaren
wetenschappelijk gezien grote vooruitgang te boeken doordat nieuwe resultaten
bij CERN een groot aantal van die theorieën weerleggen. We leven in werkelijk
interessante tijden!
In dit proefschrift leggen we ons toe op twee dergelijke mogelijke verbeterin-
gen van het SM. Sterker nog, we proberen beiden te combineren. De eerste van
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die twee komt voort uit een vakgebied genaamd niet-commutatieve meetkunde
(noncommutative geometry, NCG). Hoewel van origine een wiskundig vakge-
bied, heeft het toepassingen in de natuurkunde. Vanuit natuurkundig oogpunt
kan het gezien worden als een veralgemenisering van Einsteins Algemene Re-
lativiteitstheorie, in de zin dat voor de gekromde ruimtes die deze beschrijft
een vorm van niet-commutativiteit wordt toegestaan. Een specifieke klasse van
zulke niet-commutatieve meetkundes, welke we bijna-commutatieve meetkun-
des (almost-commutative geometries, ACGs) noemen, toont zich bijzonder suc-
cesvol in het beschrijven van ijktheorieën, waarvan het SM er eentje van is. De
wiskundige axioma’s uit de niet-commutatieve meetkunde laten zich hierin ver-
talen naar eigenschappen van deeltjestheorieën welke daadwerkelijk waargeno-
men worden in experimenten. NCG reikt ons zodoende nieuwe manieren (van
meetkundige aard) aan om theorieën zoals het SM te begrijpen. Het SM in het
bijzonder komt hier als heel natuurlijke oplossing uit de bus.
De tweede mogelijke verbetering van het SM behelst supersymmetrie. Dit is een
gedachtegang die aanvankelijk tot doel had om alle symmetrieën van kwantum-
veldentheorieën te benutten. Echter, uit het toepassen ervan op het SM volgt een
model dat antwoord biedt op sommige van de fundamentele open vragen hier-
boven. Dit model wordt de Minimale Supersymmetrische uitbreiding van het
Standaard Model (MSSM) genoemd. Op CERN houden wetenschappers zich
koortsachtig bezig met het vinden van experimentele bewijzen voor dit model.
En hoewel er tot op heden nog niets is gevonden dat wijst op het bestaan van het
MSSM, blijft het één van de meest prominente kandidaten voor een succesvolle
uitbreiding van het SM.
Een vraag die zich dan vrij snel aandient, is of niet-commutatieve meetkunde
en supersymmetrie zich goed tot elkaar verhouden. Dat wil zeggen, of er niet-
commutatieve meetkundige modellen bestaan die tegelijkertijd supersymme-
trisch zijn. Deze vraag is al een tijdje geleden voor het eerst gesteld, maar geen
enkele van de onderzoeken die zich hieraan gewijd hebben, kwam met water-
dicht bewijs.
Dit proefschrift is hoofdzakelijk aan deze vraag gewijd. We hebben ons erin be-
perkt tot de klasse van bijna-commutatieve meetkundes, in combinatie met het
zogenoemde spectrale actie principe. Deze combinatie is van immens belang
gebleken bij het afleiden van het SM vanuit de NCG.
Eerst hebben we ons echter gewijd aan algemene (dus niet per se supersym-
metrische) uitbreidingen van het SM in de context van de niet-commutatieve
meetkunde. We hebben een aantal natuurkundige eisen (de afwezigheid van
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anomalieën, de juiste hyperladingen voor de SM-deeltjes) en eigenschappen (het
bestaan van een GUT-punt, waar de koppelingsconstanten van de drie funda-
mentele krachten samenkomen) vertaald in eisen aan welke deeltjes in een niet-
commutatieve theorie voor kunnen komen, en hoe vaak. Het blijkt dat het SM
alleen aan die eisen voldoet wanneer we deze uitbreiden met drie rechtshandige
neutrino’s. De deeltjes-inhoud van het MSSM is weliswaar vrij van anomalieën,
maar voldoet niet aan de andere twee eisen. Aan die van de hyperladingen kan
echter tegemoet gekomen worden door in deze context het begrip R-pariteit (ka-
rakteristiek voor supersymmetrie) te introduceren en daarnaast een aantal van
de gebruikte uitdrukkingen op basis daarvan aan te passen.
Om de centrale vraag te kunnen beantwoorden, moeten we een onderscheid ma-
ken tussen de deeltjes-inhoud van een ACG enerzijds en de ermee geassocieerde
actie anderzijds. Een noodzakelijke eis voor elk supersymmetrisch model is dat
het aantal fermionische en bosonische vrijheidsgraden gelijk aan elkaar zijn. Op
het niveau van de ACG leidt dit ons tot de identificatie van verschillende bouw-
blokken. Dit zijn toevoegingen aan een ACG (bestaande uit representaties in de
eindige Hilbertruimte en componenten van de eindige Dirac-operator) welke
de deeltjes-inhoud geschikt maken (of houden) voor supersymmetrie. De eis
van een gelijk aantal vrijheidsgraden moet gelden ongeacht of we vereisen dat
de bewegingsvergelijkingen voor de deeltjes gelden of niet. Dit noopt ons om
handmatig (niet-fysische) hulpvelden te introduceren. De spectrale actie voorziet
daar immers niet in. De eis van feitelijke supersymmetrie van de actie vertaalt
zich dan in eisen aan de componenten van de eindige Dirac-operator. Al met al
zijn zo vijf verschillende bouwblokken te identificeren. Voor elk van hen corres-
pondeert de bijdrage aan de actie (althans in vorm) met een term bekend uit het
superveld-formalisme, waarin supersymmetrie veelal in geformuleerd wordt.
Om iets meer in detail te gaan, hebben we de volgende bouwblokken:
 een bouwblok dat bestaat uit twee kopieën van een geadjungeerde repre-
sentatie in de eindige Hilbertruimte, welke van tegenovergestelde handig-
heid zijn. Dit geeft aanleiding tot een gaugino en een ijkboson en een actie
die erg lijkt op die van een vectormultiplet in het superveld-formalisme.
 Gegeven twee bouwblokken van bovenstaand type, kunnen we een tweede
type bouwblok definiëren. Deze bestaat uit een niet-geadjungeerde repre-
sentatie in de eindige Hilbertruimte —samen met zijn geconjugeerde— en
alle componenten van de eindige Dirac-operator die als gevolg daarvan
toegestaan zijn. Dit geeft aanleiding tot een scalair deeltje en een fermion,
welke —in de taal van het superveld-formalisme— corresponderen met
een chiraal multiplet.
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 Gegeven drie bouwblokken van het tweede type waarvan de representa-
ties in de Hilbertruimte de juiste handigheid hebben, is nog een bouwblok
te definiëren. Deze bestaat uit alle (zes) de componenten van de eindige
Dirac-operator die mogelijk zijn in deze situatie. De extra interacties die
als gevolg hiervan in de actie verschijnen, komen overeen met die van een
superpotentiaal-term welke het product is van drie chirale supervelden.
 Dan zijn er nog twee typen bouwblokken, die zich gedragen als massa-
termen. Beiden bestaan uit een component van de eindige Dirac-operator
welke geen scalaire velden voortbrengt. Het eerste van die twee is een
Majorana massa-term. Deze vereist een bouwblok van het tweede type
dat een ijksinglet beschrijft (zoals het rechtshandige neutrino). Het tweede
type is een term die op een massa-term lijkt. Dit vereist twee bouwblokken
van het tweede type die hetzelfde zijn, op hun handigheid na.
Deze bouwblokken voldoen aan alle eisen voor correcte bijna-commutatieve
meetkundes.
Eigen aan deze aanpak is dat met elk extra bouwblok dat aan een ACG wordt
toegevoegd, er extra bijdrages komen aan voor-factoren van termen die daar-
vóór al in de actie voor kwamen. Dit vereist het herzien van alle voorkomende
interacties bij het introduceren van elk nieuw bouwblok. Om hierin structuur
aan te brengen, hebben we een lijst opgesteld waarin alle termen staan die in de
actie voorkomen en alle mogelijke bijdragen eraan van elk van de typen bouw-
blokken. De actie is vervolgens supersymmetrisch wanneer voor een bepaalde
verzameling bouwblokken alle voor-factoren van de termen die in de actie voor-
komen, overeenkomen met de waarde die vereist wordt vanuit supersymmetrie.
In elk geval voor de meest voor de hand liggende situaties (een enkel bouwblok
van het tweede of derde type) wordt hieraan niet voldaan. Er namelijk zijn teveel
eisen aan de modellen, die samen alle oplossingen uitsluiten. Een interessant
fenomeen dat zich voordoet is dat in sommige gevallen de eis van een super-
symmetrische actie voorwaarden oplegt in termen van het aantal generaties van
deeltjes.
Supersymmetrie en het breken ervan zijn onlosmakelijk met elkaar verbonden.
Dat breken is vereist om de deeltjes die in de theorie voorkomen een realisti-
sche massa te kunnen laten hebben. We zien dat de spectrale actie automatisch
termen genereert die supersymmetrie breken. Niet-commutatieve meetkunde
voorziet zo in een nieuwe mechanisme om supersymmetrie op de gewenste ma-
nier te kunnen breken. Er zijn feitelijk slechts twee bronnen die de breking ver-
oorzaken: de eerste is het spoor van het kwadraat van de eindige Dirac-operator
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(welke massa-achtige termen voor scalairen geeft) en massa-termen voor de gau-
gino’s. Deze laatste is ook de meest prominente. Een interessante observatie is
dat die gaugino massa’s een sneeuwbaleffect veroorzaken in de zin dat ze an-
dere brekingstermen tot gevolg hebben. Die termen kunnen elk geassocieerd
worden met één van de vijf typen bouwblokken. In het bijzonder zijn er bij-
dragen aan de massa’s van de scalaire deeltjes. Deze zijn van tegenovergesteld
teken dan de eerdergenoemde termen die voortkomen uit het spoort van het
kwadraat van de eindige Dirac-operator. Die bijdragen zijn vereist om te voor-
komen dat deze temen een dusdanig teken hebben dat zij de ijkgroep volledig
breken.
Daarmee is het voorwerk gedaan dat nodig is om de centrale vraag van dit proef-
schrift te kunnen beantwoorden, namelijk of er een niet-commutatieve versie
van het MSSM bestaat. Er bestaat inderdaad een verzameling van bouwblokken
wier deeltjes-inhoud en fermionische interacties overeenkomen met die van het
MSSM. Echter, er is alleen te voldoen aan de relevante vereisten die aan de vier-
scalar interacties worden gesteld, met een niet-geheeltallig aantal generaties van
deeltjes. Daaruit volgt het centrale resultaat van dit proefschrift, namelijk dat de
bijna-commutatieve meetkunde waarvan de deeltjes-inhoud overeenkomt met die van het
MSSM, geen supersymmetrische actie heeft.
Eigenschappen van dit model suggereren het bestaan van uitbreidingen van het
MSSM die wél aan alle vereisten voldoen. Om deze te vinden (of welke andere
supersymmetrische ACG dan ook), vereist een meer opbouwende aanpak, wel-
licht ook eentje die meer geautomatiseerd is. Vanwege de stringente eisen die
gesteld worden, staat in elk geval vast dat, als een dergelijke zoektocht één of
meer positieve resultaten oplevert, dit dan ook meteen oplossingen betreft die
een erg bijzondere status genieten.
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